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INTRODUCTORY NOTE. 

Mathematics, from the Greek fidOrjfiaf signifies 
science; and it is so called, as it were par excellencey 
because it is the only branch of knowledge which admits 
of a rigorous demonstration. It treats of whatsoever has 
relation to number or magnitude ; and Geombtry is that 
particular division of it which investigates the mensuration 
and properties of lines and angles, of surfaces and solids. 

Geometry is said to have originated with the Egyptians 
in the necessity of remeasnring the lands of which the 
periodical inundations of the Nile continually effaced the 
boundaries. Hence the science derived its name from the 
Greek words yrfv and fierpeXv, or ystofierptXv. Thales of 
Miletus carri^ it into Greece, where, from the rude state 
in which it first existed, it was gradually enriched by the 
discoveries and demonstrations of Pythagoras, Anaxagoras, 
Plato, Leodamas, and others, who extended its application 
to astronomical and other philosophical purposes. Among 
these, the most celebrated was Euclid, a native of Alex- 
andria, who flourished in the reign of Ptolemy Lagus, 
about B.C. 280. He was, in fact, the first who reduced 
Geometry into the form of a science, by arranging the dis- 
coveries of preceding mathematicians, and the results of 
his own labours, with systematic regularity and order. 
Some writers have improperly confounded him with Euclid 
of Megara, who lived more than a century before him. 
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2 EUCLID. BOOK I. 

As the theoretical deductions of Geometry depend 
almost entirely upon the results of close and accurate 
reasoning, its study is eminently calculated to fix the 
attention, to exercise the memory, and to enlarge the 
powers of the mind. In its practical application, on the 
other hand, it enters into all the various occupations of 
mankind, from the work of the humblest artificer, to the 
sublime investigations of the astronomer engaged in the 
solution of the most complex problem connected with the 
system of the universe. Euclid's *' Elements'' have ever 
been regarded as the groundwork of the science, and it is 
scarcely probable that they will be superseded by a system 
of superior excellence, so far as the subject of Geometry is 
concerned. Of the fifteen books, the first six treat of 
planCf and the eleventh and twelfth of «o/t<7, Greometry ; 
the rest being chiefly concerned with the principles of 
numbers, which have been more fully and fitly investigated 
by modem arithmeticians. The first book is mainly occu- 
pied with the relations subsisting between the sides and 
angles of triangles, and the conditions of equality which 
obtain between two or more of these, the simplest of all 
geometrical figures. Some properties of parallelograms 
are also investigated in connection with those of triangles ; 
together with those particulars respecting perpendicular 
and parallel straight lines, which are essential to the proof 
of each succeeding proposition. 



DEFINITIONS. 

1. A Point is that which has no parts^ and 
which has no magnitude. 

Definitions are concise explanations of certain elementary 
principles upon which a science depends ; and those which 
are prefixed to this book are, for the most part, peculiarly 
simple, exact, and perspicuous. To the first, however, it 
is objected that it is entirely negative, and that it is not 
convertible ; for though a point is without extension, every 
thing unextended — as, for example, an instant of time — is 
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not a point. Other definitions have been proposed, of 
which ^at given by Professor Playfair is as good as any ; 
viz., that a point is that which has position, but not mag- 
nitude. The fact is, that abstract ideas, from which the 
first principles of Geometry take, their rise, scarcely admit 
of strict definition, marking some specific distinction; but 
Euclid has arranged the few elementary notions, so to 
speak, upon which the science rests, with such admirable 
nicety, that their import is clearly understood, though it 
may not have been perfectly developed. 

2. A line is length without breadth. 

3. The extremities of a line are points. 

This is not so much a definition, as an inference from 
the two which precede it. As a line has no breadth, its 
extremity can have none ; and if it had length, it would be 
a continuation of the line, not a termination. Having, 
therefore, position without magnitude, it is a point. Lines 
which have no termination — as circles and other curvilinear 
figures — are not of course taken into the account. 

4. A straight line is that which lies evenly 
between its extreme points. 

In other words, it is the shortest of all lines which have 
the same extreme points, accord- 
ing to the definition of Archimedes. 
Thus AB is evidently shorter than 
ACB, ADB, AEB, or any Other line 

which does not lie evenly between a^" ^"^ B 

A and B. 

5. A superficies is that which has only 
length and breadth. 

6. The extremities of a superficies are lines. 

The remarks which were made under the third definition 
will, mutatis mutandis, equally apply here ; spherical or 
carved superficies or surfaces {super and fades), which 
have no boundaries, not being taken into consideration. 
It wiU also materially conduce to a right understanding 
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of the definitions of a point, a line, and a sttperficies, if we 
consider the nature of a solid, in which they all originate, 
and in which exist the several dimensions of length, breadth, 
and thickness. For if the solid abcoefgh is considered 
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to be composed of the two lamintB 
or smaller solids am, bm, the so- 
perficies klmn is the common 
boundary of these solids; and it 
cannot be a part of the thickness 
of the solid am, because if this A* ^ 
solid be remoyed, it still remains as the boundary of the 
solid BM. For a like reason, it cannot be part of the 
thickness of the solid bm. Therefore the superficies klmn 
has no thickness, but only length and breadth. In the same 
manner the line kl is the common boundary of the two 
superficies al, kg ; and, as it partakes of the breadth of 
neither, it has length only without breadth. So again the 
point K is the common extremity of two lines ak, bk ; and, 
partaking of the lengtii of neither, has neither length, 
breadth, nor thickness, but simply position without mag- 
nitude. Hence the common intersection of one line with 
another are points ; of one superficies with another, lines ; 
and of one solid with another, surfiices. It is clear also 
that straight lines can intersect each other in one point 
only. In practice the mathematical ideas of a point, line, 
and surface no longer exist, since even a point must have 
some magnitude, nor is a line or surface absolutely without 
breadth or thickness. Still it is only necessary to regard 
these several dimensions as continually diminishing to the 
verge of evanescence, and the theory and practice are 
easily reconciled. 

7. A plane superficies is that in which any 
two points being taken^ the straight line be- 
tween them lies wholly in that superficies. 

A plane superficies is more fre- 
quently called simply a p/one; and 
tiie derivation of the word is from 
the loAm planus f signify iug^a/, or 
level. In the superficies abcd. 
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DEFINITIONS. 

coinciding with the plane of the 
paper, the line joining any two 
points y B and f, lies clearly within 
the superficies; but in dbcd^ which , 
stands out of the plane of the paper, 
the line joining e and f does not so. 

8. ^' A plane angle is the inclination of two 
lines to one another in a plane, which meet 
together, but are not in the same direction/^ 

This definition comprehends the angles formed by the 
meeting of curved, as well as straight lines ; but it is with 
the latter alone, of which the next definition treats in 
particular, that the Elements of £uclid are concerned. The 
word angle is manifestly derived from the Latin angulus, a 
comer : but an angle is a very distinct thing from a comer, 
and the student should be carefal to obtain an accurate 
notion of their difference. The one is an external edgef 
the other an internal inclination, 

9. A plane rectilineal angle is the inclination 
of two straight lines to one another, which 
meet together, but are not in the same straight 
line. 

N. B. — When several angles meet at a -^ 
point, each of them is indicated by three 
letters, of which the one at the vertex 
of the angle is read between the other 
two. Thus the angles abc, abd, dbg are 
formed at b by the lines ab, bc ; ab, bd; 
and BD, BC ; respectively. A single letter ^ 
is sufficient, when there is only one angle 
at a point; as the angle b. 

It is clear that angles are altogether 
unaffected by the length of the lines, by j^ 
the meeting of which they are formed. 
See the Observation after Definition 18. 

10. When a straight line, standing on 
another straight line, makes the adjacent an- 
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gles equal to one another, each of the angles 
is called a right angle; and the straight line 
which stands on the other is called a perpen- 
dicular to it. 

11. An obtuse angle is that which is greater 

than a right angle. 

12. An acute angle is that which is less than 
a right angle. 

Thus the angles abc, abd are 
each of them right angles; ebc is 
an obtuse J and bbd an acute angle ; 
and the line ab is a perpendicular 
to CD. 

13. ^^A term or boundary is the extremity 
of any thing." 

14. A figure is that which is enclosed by 
one or more boundaries. 

The quantity of space contained in any figure is called 
its area. 

15. A circle is a plane figure contained by 
one line, which is called the circumference; 
and is such that all straight lines, drawn from 
a certain point withia the figure to the cir- 
cumference, are equal to one another : — 

16. And this point is called the centre of 
the circle. 

17. A diameter of a circle is a straight line 
drawn through the centre, and terminated both 
ways by the circumference. 

18. A semicircle is the figure contained by 
a diameter, and the pai't of the circumference 
cut off by the diameter. 




DEFINITIONS. 

The subjoined figure is a Circle^ of which 
the curved line afgcbd is the circuvufer- 
ence; the point s, the centre, from which 
all lines ea, bf, ec, &c., drawn to the cir- ^1 
cumference, are equal. In foct the circle 
may be supposed to be generated by the 
revolution of any one of these lines, as ea, round the fixed 
point E, until it returns to the point from which it began 
to revolve. Each of these equal lines is called a radiuB or 
ray; and is evidently one-half of a diameter. Any diame- 
ter, as AB, not only divides the circle into two semicircles, 
with reference to the equal semi-circumferences acb, adb; 
but the included areas are also manifestly equal. 

It may be well to observe that, for geographical and 
other purposes, the circumferences are supposed to be 
divided into 360 equal parts, called degrees; and, again, 
each degree into 60 minutes, each minute into 60 
seamds; and so on. These divisions are symbolically ex- 
pressed thus : 46° 4' 13". Now, in the revolution of the 
radius ae round the point e, through one-fourth of the 
circumference ag, the angle at e will gradually have en- 
creased, till it is subdivided or measured by an arc — so any 
portion of the circumference is called — of 90**. Again, in 
the passage from o to b, another arc of 90° is described, 
and the angle oeb is equal to the angle aeg. Each is 
therefore a right angle. Angles are said to be of as 
many degrees as the arcs upon which they stand; and it is 
clear that, whatever the radius of the circle, the incli- 
nation of an angle of any given number of degrees is 
always the same ; so that an angle is not encreased or di- 
minished by the lengthening or shortening of the lines by 
which it is formed. 

19. Rectilineal figures are those which are 
contained by straight lines. 

20. Trilateral figures, or triangles, by three 
straight lines. 

21. Quadrilateral hyfour straight lines. 

22. Multilateral figures, or polt/gonSf by more 
than four straight lines. 
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As all rectilineal figures have the same number of angles 
as sides, they may be named indifferently from either ; or 
sometimes from one, and sometimes the other. Thus, 
three-sided figures are called triangles^ from the Latin tre8 
and angvJus; and many-sided figures, polygons, from the 
Greek words ttoXvj^, many, and ywvca, an angle, 

23. Of three-sided figures, an 
equilateral triangle is that which 
has three equal sides. 

24. An isosceles triangle is that 
which has only two sides equal. 

The word isosceles is derived from the 
Greek ; and signifies having equal legs, that 
is sideSf from laoQf eqtialf and <rKeKog, a leg. 
The base of such a triangle may be either 
shorter or longer than either of the other 
sides. 

25. A scalene triangle is that 
which has three unequal sides. 

The word scalene is also of Greek origin, 
signifying unequal. 

26. A right-angled triangle is 
that which has a right angle. 

27. An obtuse-angled triangle is 
that which has an obtuse angle. 

28. An acute-angled triangle is 
that which has three acute angles. 

29. Of four-sided figures, a 
square is that which has all its 
sides equal, and all its angles right 
angles. 

30. An oblong is that which has 
all its angles right angles, but has 
not all its sides equal. 

Called also a rectangle. 







POSTULATES. 9 

31. A rhombus is that which has 
all its sides equals but its angles 
are not right angles. 

32. A rhomboid is that which 
has its opposite sides equal to one 
another^ but all its sides are not 
equals nor its angles right angles. 

These last four figares come also under the more ge- 
neral definition of a pardUelogram; which is gi^en under 
Prop. XXXIV. 

33. All other four-sided figures besides 
these^ are called Trapeziums. 

TVapezium is a Greek word, signifying a table. 

34. Parallel straight lines are 

such as are in the same plane; and 

which, being produced ever so far 

both ways, do not meet. 

POSTULATES. 

Let it be granted, 

1. That a straight line may be drawn from 
any one point to any other point : 

2. That a terminated straight line may be 
produced to any length in a straight line : and 

3. That a circle may be described &om any 
, centre, at any distance from that centre. 

A postulate (firom postulare) is a demand so reasonable 
that it cannot fail to be granted; or, in other words, an as- 
sumption of which the grounds are so apparent, as to be 
admitted without dispute. — To produce is a technical term, 
signifying to prolong^ or extend^ from the laXm producer e. 

It appears from these postulates that the instruments 
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which Euclid places in the hand of the stadentiare, Asirtxiffhi 
scale f and a pair of compasses. The instrumeats employed 
in practical geometry involve principles investigated in the 
Elemental which will be noticed as occasions arise. 



AXIOMS. 

« 

1. Things which are equal to the same 
things are equal to one another. 

Also, things which are equal to equal things, are equal to 
one another. 

2. If equals be added to equals^ the wholes 
are equal. 

8. If equals be taken from equals^ the re- 
mainders are equal. 

4. If equals be added to imequals^ the 
wholes are unequal. 

5. If equals be taken from unequals^ the 
remainders are unequal. 

6. Things which are double of the same^ 
are equal to one another. 

7. Things which are halves of the same^ are 
equal to one another. 

8. Magnitudes which coincide with one 
another, that is, which exactly fill the same 
space, are equal to one another. 

9. The whofe is greater than its part. 

10. Two straight lines cannot inclose a 
space. 

In order to enclose a space, two straight lines must 
have more than one common intersection, which has been 
already seen to be impossible (Note on Definition 6). 

11. All right angles are equal to one 
another. (See Definition 10.) 
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12. If a straight line meets two straight lines, 
so as to make the two interior angles on the 
same side of it, taken together, less than two 
right angles, these straight lines, being conti- 
nually produced, shall at length meet upon that 
side on which are the angles which are less 
than two right angles. 

An AaHom is a self-evident truth, and is so called from 
its being worthy (a^toc) of universal acknowledgment. 
The above statement is not an Axiom, but the enunciation 
of a Theorem, easily capable of proof, but certainly requir- 
ing one. A proof is appended to the 29th Proposition. 

N. B.— The " Elements" of ;Euclid are set forth in a 
series of Propositions ^ of which there are two forms, viz. ; — 
the Problem (7rp6j3Xi}f(a), and the Theorem (Osbjprifia), 
indicating respectively a question proposed for resoluiioTtf 
and a fact submitted to demonstration. The results of 
the operation, in the former case, are marked by the letters 
Q. E. F. {quod erat faciendum), and in the latter, by 
Q. E. D. {quod erat demonstrandum,) Each Proposition 
consists of four parts: — 1. The general enunciation , or 
statement of the object to be effected or proved. 2. The 
enunciation repeated with reference to a particular figure. 
3. The construction^ by means of certain lines drawn, 
or points determined, in order to complete the solution 
or proof. 4. The demonstration y either by a direct process 
of reasoning, or, indirectly^ by proving a contrary sup- 
position to be absurd. — The enunciation of a Problem 
proposes certain data, or premises, from whence to deduce 
a required result: that of a Theorem is divided into the 
hypothesis J or fact assumed to be true, and the con- 
elusion built thereon, and requiring demonstration. A 
corollary is an easy inference from the whole or part of a 
preceding demonstration. . These several parts will be dis- 
tinguished in each Proposition. In the General Enunci- 
ations, the data and hypotheses will be printed in Roman 
characters, the requisition or conclusion in Italics: in the 
Particular Enunciation this distinction will be indicated by 
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the words Let and Then; and in the Demotutraiians the 
successive steps will be numbered, and their object, in less 
obvious cases, pointed out. Some few propositions require 
no construction; and in others the construction is mixed 
up with the demonstration. Partly with a view to con- 
ciseness of expression, and partly as a means of rendering 
the connection, before •ach successive steps in the operation, 
more perspicuous and tangible, the following symbols have 
been employed to mark the relation between the several 
magnitudes, which come under consideration in the propo- 
sitions of Euclid, and in those which have been added 
by way of illustration. 

The sign + , placed between two magnitudes, indicates 
their addition, 

— , placed between two magnitudes, shows the 
remainder, when the latter is subtracted 
from the former. 

= denotes equality. 

> signifies greater ; or, placed between two 
magnitudes, shows that the former is 
greater than the latter. 

< signifies less; or shows that the former of 
two magnitudes is less than the latter. 

II signifies /lara/^/, and U^ parallelogram, 

L ,, perpendicular, 

L ,, angle^ and rt. Z right angle. 

O ,, circle, 

O'* n circumference, 

A ,, triangle, 

,, ther^ore. 

The square of any magnitude, as the line ab, is marked 
thus, ab2; and the abbreviations Def., Post., Ax., Prop., 
Cor., Hyp., Const, imply Definition^ Postulate^ Axiom^ 
Proposition, Corollary, Hypothesis, and Construction, 
Also, rad. is for radius, diam.for diameter, st. for straight, 
cr. for centre, pt. for point, gn. for given, &c. &c. &c. 
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PROPOSITION I. PROBLEM. 

GeneralEnunciation. — Todescribeanequi' 
lateral triangle upon a given finite straight line. 

Particular Enunciation. — Let ab be the 
gn. st. line; then it is required to describe an 
equilateral a upon it. 

Construction. — From the 
cr. A, with rad. ab, describe 
BCD; from the cr. b, with rad. 
BA, describe ace (Post. 3); 
from the pt. c, where the 0^ 
intersect, draw ca, cb to the pts. a and b 
(Post. 1); then abc is an equilateral a. 

Demonstration. — 1. Because the pt. a is 
the cr. of bcd, .*. ac = ab (Def. 15). 

2. Because the pt. b is the cr. of ace, 
.•. BC = BA (Def. 15). 

3. Hence ac and bc are each = to ab. 

4. But things which = the same thing, are = 
to one another (Ax. 1); .•. ac = ab = bc : 
». e. the A ABC is equilateral; and it has been 
described upon thie gn. st. line ab. — Q. E. F. 

It is clear that, upon the other side of '^ 

AB, another equilateral A abf, may in 
like manner be described; and if of 
be joined, the A' acf, bcf are isos- 
celes, haying the base, or under side, 
longer than either of the two equal 
sides AC, AF, and bc, bf. A more 
general proposition than the following 
will be seen under Prop. III. See 
also Prop. XXII. 

This Problem is practically applied in Fortification, 

C 
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PROP. A. PROB. 

Gen. Enun. — To describe an isosceles triangle upon a 
given finite straight line, which shall be less than either of 
the equal sides. 

Part. Enun.— Let ab be the gn. st. line; then it is 
required to describe upon it an isosc. jc -—-^^H^^-'^ JI 

A, of which the tWo'= sides shall 
each be greater than ab. 

Const. — From crs. a and b, with 
radii ab and ba, describe 0" bcf, 
ADG (Post. 3); produce ab both 
ways to c and d (Post. 2) ; from crs. 
A and B, with radii ad and bc, describe 
0" DEK, CEH (Post. 3); and from 
the pt. B, where these 0" intersect, ^^ 
draw EA, EB to pts. a and b (Post. 1); then abb is the 
isosc. A required. 

Demonst. — 1. To prove that ad = bc. 

By property of the 0, ac = (ab =) bd (Def. 15). 
To each of these equals add ab ; .*. ad = bc (Ax. 2). 

2. To prove that ae » be. 

Again, by property of 0, ab =» ad, and be = bc 
(Def. 15) ; .'. ae = be (Ax. 1). 

3. Hence the A abe is isosceles, and it is described 
upon the gn. line ab, which is > ae or be. — Q. E. F. 

PROP. II. PROB. 

Gen. Enun. — From a given point to draw a 
straight line equal to a given straight line. 

Part Enun. — Let a be the 
gn. pt., BC the gn. st. line; then 
it is required to draw from the 
pt. A, a st. line = bc. 

Const. — From the pt. a to 

B, draw the st. line ab (Post. 1). 
Upon AB describe the equila- 
teral A DAB. (Prop. I.) Produce 




PROF. II. 15 

the st. lines da^ db^ to e and f (Post. 2). 
From or. b, with rad. bc, describe the 
CGH. From or. d, with rad. do, describe 
the GKL (Post. 3). Then al is the line 
required. 

Demonst. — 1. By the property of the 0, 
BC = BG (Def. 15). 

2. To prove that bg = al. 

For same reason, dg = dl (Def. 15). Now, 
by the construction, db = da ; .*. by sub- 
traction, BG = AL (Ax. 3). 

8. .*. also AL = BC (Ax. 1). 

Wherefore, from the gn. pt. a, a st. line 
AL has been drawn equal to the gn. st. line 
BC— Q. E. F. 

It should be continually borne in mind by the student, 
that the propositions of Euclid are of universal applica- 
tion ; and that, although the figure may illustrate only a 
particular case, the demonstration is general. Thus, in 
the present problem, the gn. pt. might be placed either 
above or below the gn. line, or anywhere upon the line, 
whether at the extremity or otherwise ; or, again, beyond 
the line, so that ab, when joined, would be in the same 
St. line with bc. When the pt. is placed at either ex- 
tremity of the line, as at b, the problem is readily solved 
by describing oneQ gch only; and bo is the line required. 
The problem may also be solved by producing bd upwards, 
instead of downwards, through d to the O'^^ > ^y describing 
a O from the cr. d, with the produced line as rad. ; and 
producing ao through d to the O*^'* In this case, the 
required line is the mm of the rad. of the Q, whose cr. 
is D, and the side of the A ; — ^not their difference. Since 
then the gn. pt. may be joined to either extremity of the 
gn. line; since the = lateral A may be described on 
either side of the line so joined; and since the problem 
may be solved in two ways with each A ; it is clear that 
there are 8 different lines which may be drawn to meet 
the required conditions. The student will find it a useful 
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exercise to work the several cases, of 
which the figure, wherein the point 
i^ placed upon the gn. line, is here 
subjoined; and the construction and 
demonstration will be found to be 
precisely the same, word for word, 
and letter for letter, as that which 
Euclid has given. 

It may be supposed that this pro- 
blem would be sufficiently resolved by 
measuring with the compasses the 
distance bo, and setting off the same 
distance from a. Practically indeed this may be the case, 
but the mathematical demonstration would be wanting ; 
and the connection between this proposition, and those 
which depend upon it, would not be accurately established. 
The same remark will apply to many propositions, of 
which the truth would readily be admitted without proof. 
A link in the scientific chain is thereby broken ; and the 
system is of course incomplete. 




PROP. III. PROB. 




Gen. Enun. — From the greater of two given 
straight Unes to cut off a part equal to the less. 

Part. Enun. — Let ab and c be 
the two gn. st. lines, of which ab 
is > c ; then it is required to cut 
off from AB a part = c. 

Const. — From the pt, a, draw ad = to c 
(Prop. IL) ; and from the cr. a, with rad. ad, 
describe the def (Post. 3) ; then ae is the 
part required. 

Demonst. — For by the property of the ©, 
AE = ad (Def. 15); and by the construction 
ad = c; .-. also ae = c (Ax. 1). Hence 
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from AB, the > of two gn. st. lines^ a part ae 
has been cut off, which is = to c, the < . — 
Q. E. F. 

Of this Proposition there are also several cases, inas- 
much as the given lines need not be separated ; but the 
shorter may be attached either to the extremity of the 
other, when the application of Prop. II. becomes unne- 
cessary ; or the two lines may meet or intersect each other 
somewhere between the extreme points ; or, again, the less 
may be a part of the greater. The student wUl do well to 
prove each case, but it is superfluous to insert them here. 
We are now, however, in a condition to give the following 
general solution of Prop. A. The principle is carried yet 
further in Prop. XXII. 



PROP. B. PROB. 

Gen. Enun. — T\) describe an isosceles A on a given 
finite straight line. 

Part. Enun. — Let ab be the gn. 
St. line ; then it is required to describe 
an isosc. A upon it. 

Const. — In ab, produced if neces- 
sary, take any pt. d, and make ab = 
BD (Prop. III). From cr. a, with rad. ae, describe Q ecf. 
From cr. b, with rad. bd, describe Q dco (Post. 3). From 
point of intersection c, join ac, bc 
(Post. 1). Then abc is ihe A required. 

Demonbt. — By the property of the 
0, ae = AC, and bd = bc (Def. 15). 
But, by construction ae = bd ; .*. also 
AC = BC (Ax. 1). Hence the A abc is 
isosceles, and it has been described upon 
the gn. straight line ab. — Q. E. F. 
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PROP. IV. THEOREM. 

Gen. Enun. — If two triangles have two sides 
of the one equal to two sides of the other, each 
to each, and have also the angles contained by 
those sides equal, they shall likewise have their 
bases, or third sides, equal; and the two triangles 
shall be equal; and their other angles shall be 
equal, each to each ; viz. those to which the equal 
sides are opposite. 

Part. Enun. — ^Let abc, dbf, be two a*, 
which have the two sides ab, 
AC = to the two sides de, 
DP, each to each; viz. ab 
= de, and ac = df, and 
also the Z bac = Z edp; 
then the base bc shall = 
base EE ; and the area of the 
A ABC shall = area of a 
def; also the Z abc shall 
= Z def; another Z acb shall = Z dfe. 

Demonst. — 1. For if the a abc be applied 
to the A dep, so that the pt. a may be on d, 
and the st. line ab upon de ; the pt. b 
shall coincide with the pt. e, because ab = de. 

(Hyp-) 

2. Also, AB coinciding with de, ac shall fall 
upon DF, because the Z bac = Z edf. (Hyp.) 

3. Also, pt. c shall coincide with pt. p, be- 
cause AC = DP. (Hyp.) 

4. Since therefore the pt. b was proved to 





. PROP. IV. 19 

coincide with the pt. e, the base bc must 
coincide with the base ef ; because^ the pts. b 
and c coinciding respectively with e and f, if 
the base bc does not coincide with the base 
EF, but lies above or below it, two straight 
lines would inclose a space, which is impos- 
sible (Ax. 10) ; .'. the base bc coincides with 
the base ef, and is = to it (Ax. 8). 

5. .*. the whole area of the a abc coincides 
with the area of the a def, and is = to it : 
and the other Z" of the one coincide with 
the remaining Z» of the other, and are = to 
them; viz. : — 

Z ABC = Z def; and Z acb = Z dfe. 

Therefore, if two a"* have two sides of the 
one = to two sides of the other, each to each, 
and have likewise the Z « contained by those 
sides equal, their bases shall likewise be equal ; 
and their areas shall be equal; and also their 
other Z®, to which the equal sides are oppo- 
site.— Q. E. D. 

This Proposition involves the first condition of the per- 
fect equality of two A" in all their parts; and it extends of 
course to the equality of any number of A' under the same 
circumstances. The method of proof adopted in it is not by 
constructionj but by supraposition: i.e, by laying one A 
upon the other, and shewing that they coincide. It is again 
employed in the Eighth Proposition, which, together with 
the present, is the foundation of all that follows with respect 
to the comparison of A". The student will be assisted in 
comprehending the Proposition and its proof by forming 
two = A' of card-board, and placing one upon the other 
as directed in the text. 

Upon this, and its cognate propositions, is based the 
Theory of Perspective. 
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PROP. V. THEOR. 

Gen. Enun. — The angles at the base of an 
isosceles triangle are equal; and if the equal 
sides be produced, the angles upon the other 
side of the base shall be equal. 

Part. Enun. — Let abc be an 
isosc. A, of which the side ab = 
side AC (Def. 24) ; and let the 
st. lines ab, ac be produced to 
D and E (Post. 2) ; then Z abc 
= ZACB^and Z cbd = Zbce. d 

Const. — In bd take any pt. p. From ae 
the > cut off AG = AF, the < (Prop. III)., and 
join FC, GB (Post. 1). 

Demonst. — 1. To prove the a* agb, afc 
= in every respect. 

Because af = ag, and ab = ac; .*. the 
two sides fa, ac = two sides ga, ab, each 
to each. Also they contain Z fag, com- 
mon to the two A^ AFC, agb; .*. the base 
FC = the base bg, and the area of a afc = 
area of a agb, and the remaining Z^ of the 
one = remaining Z® of the other, to which 
the equal sides are opposite (Prop. IV.) : t. e, Z 
ACF = Z ABG, and Z afc = Z agb. 

2. To prove that bf = cg. 

Again : because the whole af = the whole 
AG (Const.), and the part ab = the part ac 
(Hyp.) ; . • . the remainder bf = the remainder 
CG (Ax. 3). 
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3. To prove a bpc = a cgb. 

Also it has been proved that fc = gb; .*. 
in the a^ bpc, cgb, the two sides bf, fc = the 
two sides cg, gb, each to each, and Z bpc = 
Z CGB ; . • . A bpc = A CGB (Prop. IV.), 
and the remaining Z^ are =, each to each: 
i, e. Z PBC = Z OCB, and Z bcp = Z cbg. 

4. To prove Z abc = Z acb. 

Now since it has been shown that the whole 
Z ABG = the whole Z acf, and that the part 
Z CBG = the part Z bcp; .*. the remaining 
Z ABC = remaining Z acb (Ax. 3) : t. e. the 
Z^ at the base of the a abc are = to one 
another. 

5. And it has already been proved that the 
Z PBC = Z GCB, which are the Z« on the 
other side of the base. 

Therefore the Z^ at the base, &c.— Q. B. D. 

Corollary. — Hence every equilateral a is 
also equiangular. 

The proof of this Corollary is very simple. Thus : — 
Let ABC be an eqtdlateral A ; theiii because A . 

AB — AC, .'. Z ABC » Z acb; and 
because ab » bc, .*. Z bac =« Z acb ; 
.*. the Z * ABC, ACB, BAC, are equal : 
t.«. the A ABC is equiangular. — Q. £. D. 

Partly from the figure, and partly from B ' * C 

the difficulty which the demonstration presents to the 
beginner, the Fifth Proposition has obtained the ominous 
title of Pons Aainorumj or the Aasea' Bridge; and it cer- 
tainly requires some attention to surmount it. The former 
part of it may be very readily proved by the method of 
supraposition ; and when Prop. XIII. has been proved, a 
still more simple demonstration of the whole will be given. 
In the meantime. 
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Let ABC, DBF be two isosceles A"» having the sides 
AB, AC of the one = to each 
other, and also = to the sides 
DE, DF of the other. Also let 
the included L bac = included 
Z BDF ; then the Z * b and c 
respectively = Z " e and f. 
(Prop. IV.) But since ab = df, 

and AC = DB, if the A def be b' ^c e' ^f 

turned over, and applied to the A abc, so that the 
DF may coincide with ab, and de with ac, the Z f 
will coincide with Z b, and the Z s with Z c, as in 
Prop. IV. ; .*. the Z " b and c are each = e, and .*. they 
= each other. — Q. E. D. 

In forming roofs, brackets, tripods, and in various 
operations of Carpentry, this principle is constantly 
applicable. 



PROP. VI. THEOR. 

Gen. Enun. — If two angles of a triangle be 
equal to one another, the sides also which sub- 
tendy or are opposite to, the equal angles, shall 
be eqiml to one another. 

Part. Enun. — Let abc be a. a, of which 
the Z ABC = Z ACB, then the side 

AB = AC. 

Const. — For if ab be not = ac, 
one must be > the other. 

Suppose AB to be the > , and 
that from it is cut off db = ac, * 
the < . (Prop. III.) Join dc (Post. 1). 

Demonst. — 1. Show the absurdity resultiiig 
from the above supposition; viz., that Zi dbc 

would = A ABC. 
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Since in a^ dbc, acb, the side db = ac, and 
BC is common to both, . • . the two db, bc = 
the two AC, CB, each to each ; and the Z dbc 
= Z ACB (Hyp.); .'. base dc = base ab, and 
the area of a dbc = area of a acb : i, e. 
the < = > , which is absurd. 

2. Hence ab is not unequal to ac : t. e, it 
is = to it. 

Wherefore, if two Z* of a triangle, &c, — 
Q. E. D. 

CoR. — Hence every equiangular a is also 
equilateral. 

To prove this corollary, let the Z ■ of 
the A ABC be all equal to one another : 
then because the Z abc — Z age, .*. 
AB = AC ; and because the Z abc = Z 

BACf • a BC — AC ) « a AB "^ AC •■— BC • 

t. e. the A abc is equilateral. — Q. E. D. B 

The Sixth Proposition is proved by what is called a 
reductio ad abaurdum ; that is, by assuming an opposite 
conclusion to that which is enunciated, and showing it to be 
inconsistent with the hypothesis. It is the converse of the 
former part of the fifth ; and though in this case, as in 
others, Euclid has only demonstrated what was necessary 
to the proof of subsequent propositions, the second part is 
also convertible. It is not, however, to be supposed that, 
in taking the conclusion for an hypothesis, the original 
hypothesis becomes a necessary conclusion. Instances 
will be noticed in which this is not the case. In the 
meantime, the converse of the latter part of the Fifth Pro- 
position may be thus demonstrated. 

PROP. C. THEOR. 

Gen. Enun. — If, when two sides of a triangle are 
produced, the angles below the base are equal to each 
other, the two sides are also eqtial to one another. 
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Part. Emun.— Let abc be a A ; and 
the sides ab, ao being prodaced to d 
and B, let the L dbc = Z bob ; then 
the side ab shall = the side ac. 

Const. — In bd take any pt. f, and 
firom CB cut off co = bf. (Prop. III.) 

Join BO, CF, FO. 

Dbmonst. — 1. Prove that the Z bcf 

= Z CBG. 

Because bf » co, and bc is common 
to the A' FBC, ocB, .*. the two sides fb, bc == 6C, cb, 
each to each ; and the contained Z fbc = Z gcb (H3rp.) ; 
.'. the base fc = base gb, and the Z bcf »= z cbg. 
(Prop. IV.) 

2. Prove that Z gcf » Z fbg. 

But Z bcg = Z CBF (Hyp.) ; .*. by subtraction, Z 
gcf » Z fbg (Ax. 5). 

3. Prove that Z bfg => Z ogf. 

Again, in A" fbg, gcf, the sides fb, bg ^ gc, cf, 
each to each ; and the Z fbg = Z gcf ; .*. Z bfg » 
Z COF. (Prop. IV.) 

4. Prove af =■ ag. 

Now these are the Z " at the base of the A afo; .*. 
AF « AG. (Prop. VI.) 

5. Prove ab = ac 

But BF » CO (Const.) ; .-. by subtraction, ab » ac. 
Wherefore, if, when two sides of a A &c.-«— Q» E. D. 



PROP. VII. THEOR. 

Gen. Enun. — Upon the same base, and 
on the same side of it, there cannot be two 
triangles that have their sides, which are termi- 
nated in one extremity of the base, equal to one 
another, and likewise those which are terminated 
in the other extremity. 
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Part. Enun. — Let the two a^ acb, adb 
be upon the same base ab^ and the same side 
of it, and let the sides ca, da, terminated 
in A, be = ; then the sides cb, db, terminated 
in b, cannot be = . 

Const. — Join en. 

Demonst. (By reduct. ad absurdum. — If 
possible, suppose cb = db. 

Case 1. When the vertex of each a is 
without the other a . 

1. Prove that Z. bdc is > 

Z BCD. 

Because ac = ad (Hyp.), .*. 
Z ACD = Z ADC. (Prop. V.) 
But Z ACD > Z BCD (Ax. 9); "^ 
,\ Z ADC > Z BCD. Much more is Z bdc 

>• Z BCD. 

2. Prove that, also, on the above supposition, 

Z BDC = Z BCD. 

Now if BC = BD, .*. Z BDC = Z BCD. 

(Prop. V.) 

3. But it has been shown that Z bdc is 
> Z BCD, which is impossible. 

Case 2. When one of the vertices, as d, is 
within the other a acb. 

Const. — ^Produce ac, ad to e and f, and 
join CD. 

Demonst. (Ad abs.J 

1. Prove that Z bdc is > Z bcd. 

Because ac = ad (Hyp.) in a acd, .•. 

D 
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Z 8 ECD, FDC, upon the other side of the base 
CD, are eqiml. (Prop. V.) 
But the Z BCD > Z BCD 
(Ax. 9); .'. Z FDC > Z 
BCD. Much more is Z 

BDC > Z BCD. A^ 

2. Also that they are = . 

Now, if in A bcd, bc = bd, .*. Z bdc = 
Z BCD. (Prop. V.) 

3. But it has been shown that Z bdc is 
> Z BCD, which is impossible. 

The third case, in which the vertex of one 
A is upon a side of the other, needs no demon- 
stration. (See figure to Prop. VI.) 

Wherefore, upon the same base, and on the 
same side of it, &c. — ^Q. E. D. 

In the same way it may be proved that, if the sides bc, 
BD are equal, then ac, ad cannot be equal ; and the student 
will do well to work out the demonstration. The proof 
includes what is called a demonstration d fortiori. 

Euclid has established this theorem for the sole purpose 
of proving the next, to which it may therefore be considered 
as a Lemma ; t. e, a proposition which is merely prepa- 
ratory to the demonstration of anotiier. 
The Umitation that the two triangles 
should be upon the same, side of the 
base is manifestly essential ; for upon j^^ 
the other side of the base ab, a A abd 
may be constructed in every respect 
similar and = to the A abc. (Prop. IV.) 
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PROP. VIII. THEOR. 



Gen. Enun. — If two triangles have two sides 
of the one equal to two sides of the other, each 
to each, and have likewise their bases equal ; 
the angle which is contained by the two sides of 
the one shall be equal to the angle contained by 
the two sides, equal to them, of the other. 

Part. Enun. — Let abc, dep be two a», 
having the sides ab, ac = to the two sides 
DE, DF, each to each ; likewise let the base bc 
= base ef; then Z bag shall be = Z edf. 

Demonst. — (By supraposition). 

1. For if the a abc be applied to the a 
def, so that the 
pt. b be on e, 
and the st. line 
BC on EF, the 
pt. c shall coin- 
cide with F, be- 
cause BC = EF. 

(Hyp.) 

2. Now BC coinciding with bf, ab, ac shall 
also coincide with de, df. 

For if AB, AC, do not coincide with de, df, but 
take another direction, as, for instance, oe, of, 
then upon the same base ef, and upon the same 
side of it, there can be two a^ def, gef, which 
have their sides terminated in one extremity of 
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the base = to one another^ and also those which 
are terminated in the other extremity, which 
is impossible. (Prop. VII.) 

3. If .'. the base bc coincides with ef, the 
sides AB, AC must coincide with de, df; and 
.*. also the Z bac coincides with Z edf, and 
is = to it. 

Wherefore, if two a" have two sides, &c. — 
Q. E. D. 

This Propositioii is the converse of the former part of 
the fourth. It contains the second condition of eqaality of 
two or more A' ; and the coincidence of the Z * contained 
by the two equal sides being proved, the equality of the 
areas and the remaining Z " follows from the Fourth Pro- 
position. 

PROP. IX. PROB. 

Gen. Enun. — To bisect a given rectilineal 
angle; that is, to divide it into two equal 
angles. 

Part. Enun. — ^Let bac be the gn. rectilineal 
Z ; then it is required to bisect it. 

Const. — In ab take any pt. d, and from 
AC cut off ae = AD. (Prop. III.) 
Join DE ; and upon it describe 
an equilateral a def. (Prop. I.) 
Join AF. The st. line af bisects 
the Z BAG. 

Demonst. — ^Because ad = ae, 
and AF is common to a* daf, eaf, »•. the 
two sides da, af = ea, af, each to each; and 
the base df = base ef (Const.) *, .'. Z daf 
= Z BAF. (Prop. VIII.) 
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line, the Z dbb = Z eba (Def. 10) ; /. the 
Z DBE = Z CBE : t. e, the = 
< = > , which is impossible. 
Therefore two straight lines 
cannot have a common seg- 
ment— Q. E. D. ^ 



This corollary is placed by Euclid himself among the 
Axioms, and the simple proof, deduced from the Eleventh 
Proposition, was added by Dr. Simson. From the plain 
fact, however, that two straight lines cannot meet in more 
than one pt. without coinciding altogether, it is clear that 
a segment t or part cut (jseco) from one straight Une, cannot 
possibly belong to anotiier idso. With respect to tiie Pro- 
position itself, it is clear that, if the gn. pt. be at or near 
the extremity of the line, it will be necessary to produce 
it : but if such production be impossible or inconvenient, 
the following method may be used : — 



PROP. D. PROB. 



Gen. Enun. — ^Through the extremity of a given finite 
straight line to draw a straight line at rt» A* to it. 

Part. Enun. — Let ab be a gn. finite st. line ; then it 
is required to draw through b a st. line 
at rt. / ■ to AB. 

Const* — In ab take any pt. c, and 
through draw cd at rt. Z' to ab 
(Prop. XL), and make cd ^ cb. 
(Prop. IIL) Bisect the Z bcd in the 
st. line CE. (Prop. IX.) Again, through 
D draw DE at rt. Z " to cd (Prop. XL), meeting ce in e. 
Join be (Post. 1). Then be will be at rt. Z ' to ab. 

Demonst. — Because cb = cd, and ce is common to 
the A' ECB, ecd ; .*. the two sides bc, ce = dc, cb, each 
to each, and the Z bce = Z dcb; .'. the Z cbe s Z 
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CDB — rt. L. (by Const.) Wherefore through b, its ex- 
tremity, a line be, has been drawn at rt. / " to ab. — 
Q. E. F. 

From the Eleventh Proposition, the two following are also 
deductions. 



PROP. E. PROB. 

Gen. Enun. — In a straight line given in position, but 
indefinite in length, to find a point equally duttant from 
two given points, either on the same or on opposite sides 
of the given line. 

Part. Enun. — Let ab be the 
gn. line, and c, d the gn. pts. ; 
then it is required to find in the 
St. line ab a pt. equidistant from 
c and D. 

Const. — Join cd, and bisect 
it in E (Prop. X.) ; through e ^ 
draw BF at rt. Z " to cd. (Prop. 
XI.) F is the point required. Fig. 2. 

Join CF, DF. 

Demonst. — Because CE = Ep, 
and EF is common to A cbf, 
DEF ; .*. the two sides cb, ef » 
DB, BF, each to each, and the Z 
CEF = Z DEF (Def. 10) ; .•. the 
base OF = base df. (Prop. IV.) 

Wherefore a pt. f has been found in the gn. line ab, 
equidistant from the gn. pts. c and d. — Qi, £. F. 



PROP. P. THEOR. 

Gen. Enun.— If the three sides of a triangle be bisected, 
and straight lines be drawn through the points of bisection 
at rt. angles to the sides, these lines will meet in a point 
equally distant from each of the angles. 
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Wherefore the Z bac is bisected by the st. 
line AF.— Q. E. F. 

It is clear that the same result would follow from des- 
cribing an isosceles A upon db (Prop. A or B) ; and that by 
repeating the operation, a rectilineal / may be divided 
in 4, 8, 1 6, 32, 64 equal parts ; and so on, doubling con- 
tinually. A similar remark applies to the following Pro- 
position. 



PROP. X. PROB. 

Gen. Enun. — To bisect a given finite straight 
line; that is, to divide it into two equal parts. 

Part. Enun. — Let ab be the gn. st. line ; 
then it is required to bisect it. 

Const. — Describe upon ab an 
equilateral a abc (Prop. I.), 
and bisect the A acb by the st. 
line CD (Prop. IX.); then ab is cut 
into two = parts in the pt. d. 

Demonst. — ^Because ac = cb, and cd is 
common to the a^ acd, bod, .*. the two sides 
AC, CD = bc, CD, each to each, and the jL 
ACD = Z BCD (Const.) ; .'. the base ad = 
base DB (Prop. IV.) : «. e, the st. line ab is 
bisected in the point d. — Q. E. F. 



PROP. XI. PROB. 

Gen. Enun. — To draw a straight line at 
right angles to a given straight line from a 
given point in the same. 
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Part. Enun. — Let ab be the gn. st. line, 
and c a gn. pt. in it ; then it is 
required to draw from c a st. 
line at rt. Z ^ to ab. 

Const. — In ac take any pt. d, a, 
and make cb = cd. (Prop. III.) 
Upon DE describe an equilateral a dbf. (Prop. I.) 
Join cp (Post. 1) . The st. line cf, drawn through 
the gn. pt. c, is at rt. Z^ to ab. 

Demonst. — 1. Because do = ce, and cf is 
common to the two a^ dcf, ecfj .*. the two 
sides DC, CF = ec, cf, each to each ; also base 
DF = base EF; .*. Zdcf = Z ecf (Prop. VIII.), 
and they are adjacent Z«. 

2. But when the adjacent Z^ which one st. 
line makes with another are equal, each of them 
is called a rt. Z (Def. 10) ; .'. each of the Z^ 
DCF, EOF is a rt. Z . 

3. Wherefore from the gn. pt. c, in the gn. 
st. line AB, the line of has been drawn at rt. 
Z»to AB.— Q. E. F. 

Cor. — ^By help of this Proposition, it may 
be demonstrated that two straight lines cannot 
have a common segment. 

Suppose, if possible, the two st. lines abc, 
ABD to have the segment ab common to both 
of them. 

From the pt. b draw be at rt. Z» to ab 
(Prop. XI.) ; then, because abc is a st. line, 
the Z CBE = Z EBA ; and if abd is a st. 
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Part. Enun.— Let the sides of any A abc be bisected in 
the pts. DEF ; through d and b let dg, bo 
be drawn at rt. Z ' to ab, bc, and meeting 
in 6 (Prop. XI.); then the st. line drawn 
through F at rt. Z * to ac shall also 
pass through o, and this pt. g is equi- 
distant from each of the Z ' of the A £ 

ABC. 

Const. — Join gf, ga, gb, gc (Post. 1). 

Dbmonst. — 1. Prove that ao = bg. 

Because ad = db, and dg is common to the A" adg, 
BDG ; .*. the two sides ad, dg = bd, dg, each to each, 
and the Z adg = Z bdg (Def. 10) ; .*. base ag => base 
BG. (Prop. IV.) 

2. In the same manner it may be shewn that cg » bg. 

3. .*. also AG B cg. 

4. Prove that Z afg » z cfo « rt. Z . 

Again, because af » fc, and fo is common to the A" 
afg, cfg; .*. the two sides af, fg = cf, fg, each to 
each, and the base ag « base cg; .*. also Z afo = Z 
CFG (Prop. YIII.), and they are adjacant Z " ; .*. each of 
them is a rt. Z . 

5. Hence the line fg, drawn at rt Z to ac through f, 
passes through g, and it has been shown that ag = bo = 

CG. 

Wherefore, if the three sides of a A be bisected, &c. 
— Q. E. D. 



PROP. XII. PROB. 

Gen. Enun. — To draw a straight line per- 
pendicular to a given straight line of an un- 
limited length, from a given point without it. 

Paet. Enun. — ^Let ab be the gn. st. line, 
which may be produced to any length both 
ways, and let c be a gn. pt. without it; then 
it is required to draw a st. line -<- to ab from 
the pt. c. 
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Const. — ^Takeany pt. d upon the other side 
of AB. From or. c, with 
rad. CD, describe the egf, 
meeting ab in the pts. 
F and G (Post. 3). Bisect 
Fo in H (Prop. X.), and 
join CH. The line ch, drawn from the pt. c, 
is -L to the gn. st. line ab. Join cf, cg. 

Demonst. — ^Because fh = hg, and hc 
is common to the a^ fhc, ghc; .*. the two 
sides FH, HC = GH, HC, each to each; and 
by the property of 0, the base fc = the base 
CG (Del. 15) ; .*. the Z chf = Z chg (Prop. 
VIII;), and they are adjacent Z^: but when a 
St. line standing on another st. line makes the 
adjacent Z = to one another, each of them is 
a rt. Z, and the st. line which stands upon 
the other is called a -L to it; .*. from the gn. 
pt. c a st. line ch has been drawn -J-' to ab. 
— Q. E. F. 

The condition that the st. line should be given in position 
only, and not in length, is manifestly essential ; for other- 
wise the gn. pt. might be so placed, not only that a could 
not be described cutting the line in two pts., but the ± 
would fall beyond the extremity of the line. In order to 
drop a ± upon a ga,finiie line at or near its extremity, the 
31 st Prop, of Book III. must first be proved. 
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Fig. 1. 
A 



C 



Gen. Enun. — ^The angles, which one straight 
line makes with another upon one side of it, are 
either two right angles^ or are together equal to 
two right angles. 

Part. Enun. — Let the st. line ab make 
with CD, upon one side of it, 
the Z^ CBA, abd; then these 
are either two rt. Z^, or their 
sum = two rt. Z ". 

If the Z CBA = Z ABD, 

as in fig, 1, then each of them d — 
is a rt. Z (Def. 10). But, if not, 

Const. — From the pt. b 
{fig, 2) draw be at rt. Z^ to 
CD (Prop. XI.), so that the Z 
CBE, EBD are two rt. Z«. 

Demonst. — 1. Now since 

the Z CBE = Z CBA + ABE, ^^ 

add to each the Z ebd ; .* 

= Z CBA 4- ABE -f EBD (Ax. 2). 

2. Again, since the Z dba = Z dbe + eba, 
add to each the Z abc; .*. Z dba + abc 

= Z DBE + EBA 4- ABC (Ax. 2). 

3. .'. Z DBA -f ABC = CBE 4- EBD (Ax. 1) 

= two rt. Z *. 

Wherefore the Z ■ which one st. line, &c. — 
Q. E. D. 

It is clear from this Proposition that the sum ofs all the 




Z CBE + EBD 
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L ', which are made by any number of st. lines drawn to 
the tame pt. in another st. line, on the same side of it, ^ 
two rt. Z ■. 

The Proposition is of great practical use in TrigonO' 
metry and Astronomy. 

We are now in a position to famish a very simple de- 
monstration of the equality of the / * above and below the 
base of an isosc. A. Thus: — 

Part. Envn. — Let abc be an isosc. A , having the side 
AB = the side ac ; and let the sides ab, ac be produced to 
D and E ; then the Z abc = Z acb, 
and the Z dbc » z ecb. 

Const. — Bisect the Z bag by the 
St. line AF. 

Dbmonst. — 1. Because ab = ac, 
AF is common to A' abf, acf, and Z 
BAF = Z caf; .*. the A' are =,and 
the Z ABC = Z ACB : t. e. the Z ' 
above the base are =. ' 

2. Again, the Z ■ cba + cbd = two rt. Z • =» Z • bca 
+ BCB (Prop.XIII.); but Z abc » z acb ; .*. remain- 
iBg Z DBC K remaining Z ecb.: i.e, Z * below the base 
are =. — Q. E. D. 




PROP. XIV. THEOR. 

Gen. Enun. — If, at a point in a straight 
line, two other straight lines, upon the opposite 
sides of it, make the adjacent angles together 
equal to two right angles, these two straight 
lines shall be in one and the same straight line. 

Part. Enun. — ^At the pt. 
B in the st. line ab, let the 
two St. lines bc, bd make 
the adjacent Z abc, abd = 
twort.Z"; ^A^n bc and BD are 
in the same st. line. 
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Demonst. {Ad absurd.) : — 

For^ suppose that bd be not in the same st. 
line with bc^ and that be is in the same st. line 
with it. 

1. Then, because ab makes with cbe, upon 
one side of it, the Z* cba, abe; .-. the Z» 
CBA -h ABE = two rt. Z». (Prop. XIII.) 

2. But the Z» CBA -f abd = two rt. Z». 

(Hyp.) 

3. .'. Z^CBA 4- ABE = Z» CBA -f ABD 

(Ax. 1). 

4. .'. (by subtracting the common Z cba) 
the Z ABE = Z ABD (Ax. 3) : i. e. the < 
= >, which is impossible. 

5. .-. BE is not in the same st. line with bc. 

6. In like manner it may be proved that no 
other can be in the same st. line with it but 
BD, which is .'. in the same st. line with it. 

Wherefore, if at a pt. &c. — Q. E. D. 

This Proposition is the converse of the preceding. It is 
necessary that the two lines bC| bd should meet Jrom 
opposite sides of ab; for it is very possible that on the 
same side two Unes may form Z " ~ to two rt. / ■ with it, 
without being in the same st. line. Thus : — 

Const. — Let c be any pt. in a st. 
line AB. Draw cd. at rt. Z * to ab. 
(Prop. XI.) Bisect the Z acd by the 
St. line CB. (Prop. IX.) In cd take any 
pt. D, and through d draw de at rt. 
Z ' to CD. Produce ed to f, and make 
DF » ED. (Prop. III.) Join cf. 

Demonst. — Then in A" ode, cdf, 

BDy DC ss FD, DC, cach to cach, and the 

rt. Z EDC =» rt. Z FDC; .*. base cb = base cf (Prop. IV.); 

and the Z ecd ^ Z fcd = half a rt. Z (Const.): .*. the 

Z ACF a a rt Z + half a rt. Z » and the Z acf + ace 

E 
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B two rt. Z * ; and they are formed by two st. Uiies cc, fc, 
meeting^ ab in the same pt. The said lines, however, are 
not in the same st. line. 



PROP. XV. THEOR. 

Gen. Enun. — If two straight lines cut one 
another, the vertical^ or opposite, angles shall 
be equal. 

Part. Enun. — Let the two st. lines ab, cd 
cut one another in the pt. c,,^^^ ^^^--^ 

e; then the Z aec shall 
be = Z DEB, and the Z a 
ceb shall be = Z aed. 

Demonst. — 1. Because the st.line ab makes, 
with CD, the Z^ cea, aed; .". these Z« are 
= two rt. Z8. (Prop. XIII.) 

2. Also, because the st. line de makes, with 
AB, the Z» AED, deb; .\ these Z" are also 
= two rt. Z". (Prop. XIII.) 

3. .•. the Z* CEA + aed = Z* aed + deb 
(Ax. 1). 

4. .*. (by subtraction) the Z cea = Z deb. 

5. In like manner it may be shown that Z 

ceb = Z AED. 

Wherefore, if two st. lines, &c. — Q. E. D. 

CoR. 1 . — From this it is manifest that, if two 
straight lines cut one another, the Z" which 
they make at the pt. of intersection are to- 
gether = to four rt. Z*. 

CoR. 2. — Consequently, the sum of all the 
Z " made by any number of st. lines intersect- 
ing at one pt. is = to four rt. Z *. 
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As the stadent should take nothing for granted, he will 
do well to demonstrate the equality of the Z * ceb and abd, 
as stated in the Proposition. — Though capable of a rigorous 
demonstration, the Proposition is nevertheless but little 
more than an inference from the definition of an Z . For 
if two straight lines, inclined^ at an Z , intersect, their incli- 
nation must continue the same on both sides; or, in other 
words, the vertical Z * will be = . With respect to the 
Corollaries, it is clear that cs makes, with ab, the Z * abc + 
CEB = two rt. Z *, and de makes, with ab, the Z * abd + 
DEB = two rt. Z • (Prop. XIII.); .*. by addition, the Z ■ abc 
+ CEB + ABD + DBB = fouT rt. Z *. Again, as these four Z " 
are merely subdivided by any number of st. lines intersect- 
ing in E, the sum of four rt. Z ' remains unaltered. The prac- 
tical application of the 15th Proposition to the measure- 
ment of Z * may be thus illustrated: — 

Let A BCD be a graduated (Obs. on Def. 18), having 
an object-glass, or telescope, moveable round the cr. b ; 
let the glass be directed to the object s, and the degree 
marked to which it points on the Q«*; then let it be turned 
round till it points to another object t, and the degree 
marked as before. The Z ' distance between the objects, 
or the number of degrees which the glass has passed over, is 
clearly that which is contained in the Z abb, measured by 
the arc ab; or, which is the same thing, the number con- 
tained in the Z cbd, measured by the arc cd. Upon 
this principle the Theodolite^ and several astronomical in- 
struments are constructed. 
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The conrene of the Proportion may be thus demon- 
strated : — 



PROP. G. THEOR. 

Gen. £nun« — If at a poinf in a straight line, two other 
straight lines, upon the opposite sides of it, make the ver- 
tical angles equal, these two straight lines shall be in one 
and the same straight line. 

Part. Enuk. — At the pt. e, in the st. line ab, let the 
two St. lines ce, db make the vertical ^^ 
Z ■ CBA, DEB = to one another; then ^^^"\^^ 
CB shall be in the same st. line with db. ^' ^\ ^b 

Dbmonst. — 1. Because the Z cba 
» deb (Hyp.), add to each the / ^i> 

ceb; .*. Z * CEA + cbb ~ Z * cbb and deb (Az. 2). 

2. But the Z CEA + ceb = two rt. Z • (Prop. XIII.) ; 
.*. the Z CEB + DEB » two rt. Z * (Ax. 1). 

3. .*. CB is in the same st. line with db. (Prop. XIV.) 

4. In the same manner, if the Z ceb » Z aed, it may be 
shown that ce and db are in the same st. line. 

Wherefore, if at a pt. &c. — Q. E. D. 
As a deduction ftx>m the 15th Proposition may be 
proved — 

PROP. H. PROB. 

Gen. Enun. — From two given points on the same side 
of a straight line given in position, to draw two straight 
lines which shall meet the given line in the same point, 
and make equal angles with it. 

Part. Enun. — Let ab be the 
gn. St. line, and c, d two gn. pts. 
on the same side of it ; then it is 
required, &c. 

Const. — From c draw ce i 
to AB (Prop. XII.) ; produce ce 
to F (Post 2), and make ef ^ 
ce (Prop. III.) ; join df, co 
(Post. 1) ; then co, do will be 
the lines required. 
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Dbmoi^bt. — Because cs « fb, and bo is common to 
the A* CBO, FBo; .*. the two sides cb, eg « fe, eo, each 
to each, and the rt. Z ceo = rt. Z fbo ; .*. the Z cob 
= Z FOB (Prop. IV.) = vertical Z dob (Prop, XV.) : 
t. e. the two st. Unes co, do, drawn from c, d, and meeting 
in o, make « Z * with ab. — Q. £. F. 



PROP. XVI. THEOR. 

Gen. Enun. — If one side of a triangle be 
produced, tfie exterior angle is greater than 
either of the interior opposite angles. 

Part. Enun. — Let a side bc of any a abc 

be produced to n ; then the exterior Z acd is 

> than either of the exterior and opposite Z" 

GBA, BAG. 

Const. — Bisect ac in e (Prop. X.); join 
BE, and produce it to f, making ef = be 
(Prop. III.); and join fc. 

Demonst. — 1. Prov^ that in the a« eab, 

ECF, the Z BAE = Z EOF. 

Because ae = ec, and be = ef (Const.) ; 
.*. the two sides ae, eb = 
CE, EF, each to each, and 
the vertical Z aeb = Z 
CEF (Prop. XV.) ; .*. the 
base ab = base cf, and ^ 
the A aeb = A CEF, and 
the remaining Z^ of the 
one = the remaining Z* 
of the other, to which the 
equal sides are opposite; .*. 
EOF. (Prop. IV.) 




the Z BAE = Z 
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2. Bat the Z acd is > Z ecf ; /. the Z 

ACD is > Z BAG. 

3. In the same manner it may be shown^ by 
producing ac to g^, and bisecting bc, that the 
Z BCG, which is equal to the vertically op- 
posite Z ACD (Prop. XV.), is > than the Z 

ABC. 

Wherefore, if one side of a a be produced, 
&C,— Q. E. D. , 

The second part of the Proposition is proved thns : — 
Const. — Produce ac to g ; bisect bc in h ; join ah, 

and produce it to k, making hk = ah ; and join kc. 
Demonst. — 1. Then, because bh =; hc, and ah = hk 

in the A* ahb, chk ; .'. the two sides bh, ha ^ cu, hk, 

each to each, and the vertical Z bha = / chk (Prop. 

XY.); .*. the Z abh ^ Z hck. 

2. But the Z bco is > Z hck ; .*. the Z boo is > 

ABC. 

3. .*. also the vertical Z acd is > abc. — Q. E. D. 

It is observable that the exterior Z acd will be either 
>, =, or < than the adjacent Z acb, according as the 
A ABC is acute*angled, ^right-angled, or obtuse-angled 
respectively. 

The following is a practical illus- 
tration of the property set forth in 
the Proposition: — 

Let the A abc be moved along 
the line bb till b coincides with c. b^ 
The vertex of the A will now be 
to the right of a, so that dc will be 
toithin the exterior Z acb. In 
other words, the interior Z abc ^ 

will have moved into the position of the Z dcb, which is 
< the Z ACB. 

In like manner, if the A be moved along the line af, 
the Z A will be seen to be less than the Z bcf, which =s Z 

ACB. 

This Proposition is one of tiiose which are not con- 
vertible ; for it does not follow that, if the. exterior Z of a 
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rectilineal figure be > than its interior opposite Z% the 
figure is necessary a A . This will be evident from the 
following Theorem : — 



PROP. K. THEOR. 

Gen. Enun. — If a trapezium, having two of its ad- 
joining angles an obtuse and a right angle respectively, 
be such that its opposite sides, produced in the direction 
of these angles, shall meet, the exterior angle in the other 
direction shall be greater than any of the three interior 
opposite angles. 

Part. Enun. — Let abcd be a trapezium, of which the 
Z BAD is obtuse, and the Z adc a rt. Z ; and let the 
sides AD, BC be produced, to meet in e, and ba, cd in f ; 
thent if A B be produced towards 6, 
the exterior Z cbo shall be > than 
either of the three Z * bad, adc, dob. 

Demonst. — 1. For the exterior 
Z ebo of A ABE, is > interior Z 
EAB. (Prop.'XVI.) 

2. But Z EAB is an obtuse Z $ ^ 
.'., afortiorif Z cbo is > the rt. Z adc (Def. 11), 

3. Again, in the A cfb, the exterior Z cbo is > in- 
terior Z FCB. (Prop. XVI.) 

4. .*. the exterior Z cbo is > either of the interior Z * 

BAD, ADC, DCB. 

Wherefore, if a trapezium, &c. — Q. E. D. 

The student cannot be too frequently reminded that the 
Propositions of Euclid are of universal application, and in 
this 16th Proposition he will find it a useful exercise to 
prove its truth with respect to the other exterior Z*, 
formed by producing cb towards b, and the sides ab and 
AC both ways. By way of deduction may be proved, 



PROP. L. THEOR. 

Gen. Enun. — Only two equal straight lines can be 
drawn to another straight line from a given point without it. 
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Part. Enun. — ^Let ab be a st. line ; 
c a gn. pt. without it ; and ca, cb two » 
St. BneB drawn from c to ab; then no 
other st. line can be drawn from c to ab, 
which shall be » to ca or cb. 

Dbmonst. (Adabt.) 

If possible, suppose cd — ca = cb. a. d !b 

1. Now, since ca ^ cb, .*. Z cab ^ Z cba; and be- 
cause CA =s CD, .'. Z CAB = Z CDA (Prop. V.) ; .'. Z 

CDA = Z CBA (Ax. 1). 

2. But in the A cdb, exterior Z cda is > interior Z 
CBA (Prop. XVI.), being also = to it, which is absurd. 

3. .*. CD is not = to CA or cb. 

4. In the same manner it may be shown that no other 
line drawn from the gn. pt. c to ab is = to them. 

Wherefore, only two &c, — Q. E. D. 

Cob. — A circle cannot cut a st. line in more pts. than two. 



PROP. XVII. THEOR. 

Gen. Enun. — Any two angles of a triangle 
are together less than two right angles. 

Part. Enun. — Let abc be 
any a , Then any two of its 
Z 8 are together less than two 
rt. Z8. 

Demonst. — ^Produce bc to d 
(Post. 2). 

1. Now the exterior Z acd of the a abc 
is > interior opposite Z abc. (Prop. XVI.) 
To each of these add the Z acb; .*. the 
Z* ACD + ACB are > the Z« abc + acb 
(Ax. 4). 

2. But the Z ■ acd + acb = two rt. Z ■ 
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(Prop. XIII.) j .•. the Z^ abc + acb are < 
twort. Z8. 

3. In like manner it may be proved that the 
Z 8 BAG + ACB, and the Z * cab -f abc, are 
< two rt. Z«. 

Therefore any two angles &c. — Q. E. D. 

This and the preceding Proposition are carried farther in 
Prop. XXXII. It will be well to prove it in all its cases 
by producing each side successively. 

The following are Corollaries : — That the Z * at the base 
of an isosc. A are acute; and that, if one Z of a A be right 
or obtuse, the two others must be acute. 



PROP. XVIII. THEOR. 

Gen. Enun. — The greater side of every tri- 
angle is opposite to the greater angle. 

Part. Enun. — ^Let abc be any a of which 
the side ac is > than ab; a 

then Z abc shall be > the 
Z acb. 

Const. — Because ac is > b ^^ ^c 

AB, cut oflF AD = AB. (Prop. III.) Joiu BD. 

Demonst. — 1. Then the exterior Z adb 
of the A DBC is > interior Z dcb. (Prop. 
XVI.) 

2. Now, because ab = ad, .•. Z abd = Z 
ADB (Prop, v.); .•. Z ABD is > Z acb. 

3. .-., a fortiori, Z abc is > the Z acb. 
Wherefore the greater side &c. — Q. E. D. 

It appears from this Proposition that all the Z * of a 
scalene A are unequal. If bc be also greater than ab, it 
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may be pnyyed, in like maimer, that the Z bag is greater 
than the Z acb ; and that as bc is > or < ac, the Z bag 
is > or < the Z abg. 




PROP. XIX. THEOR. 

Gen. Enun. — The greater angle of every 
triangle is subtended by the greater side, or has 
the greater side opposite to it. 

Paet. Enun.— Let abc be a a, of which 
the Z ABC is > the Z acb; 
then the side ac shall be > 

AB. 

Demonst. — For, if not > , ^ 
AC must either be = ab, or < than it. 

1. It is not =, for then the Z abc would 
be = Z ACB (Prop. V.), but it is not. 

2. Neither is it < , for then the Z abc would 
be < the Z acb (Prop. XVIIL), but it is not. 

8. .*. the side ac is neither = nor < ab; 
». e. AC is > AB. 

Wherefore the greater angle &e. — Q. E. D. 

In like manner, the relative lengths of the other sides 
may be proved ; and hence may be deduced the following: — 

PROP. M. THEOR. 

. Gen. Enun.— Of all straight lines which can be drawn 
from a given point to a straight line of unlimited length, 
a perpendicular is the shortest^ and that which is nearer 
to the perpendicular is shorter than one more remote. 
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Part. Enun. and Const. — Let ab be a st line of un- 
limited length, c the gn. pt. 
From c draw cd i to ab 
(Prop. XII.), and draw cb, 
CF, CQt &c. to any other pts. 
along the line ab ; then cd is 
the shortest line which can be 
drawn from c to ab, ce shorter 
than CF, CF than co, and so on. 

Demon ST. — 1. Because Z . 
CDS is a rt. Z , the exterior Z 
CEF is > a rt. Z (Prop. XVI.); 
.*. CED is < a rt. Z (Prop. XIII.), < Z ode ; .*. on is 
< CE. (Prop. XIX.) 

2. In the same manner it may be shown that cd is < 
every other line drawn from c to ab. 

3. Again, because the Z cef is an obtuse Z ; .'.the Z 
CFE is an acute Z ; .*. ce is less CF. (Prop. XIX.) 

4. In the same manner, CF is < co,*&c., &c. 
Therefore, of all st. lines &c. — Q,. E. D. 




PROP. N. THEOR. 




Gen. Bnun. — Any side of a triangle U greater than the 
difference between the other two sides. 

Part. Envn. — ^Let abc be a A. I^en any of its sides 
is greater than the difference between 
the other two sides. 

Const. — Let ac be > ab, and 
make ad ::= ab. (Prop. III.) Join 
bd (Post. 1). ^ 

Dkmonst. — 1. Because ab ~ ad, .*. the Z abd = Z 
adb. (Prop. V.) 

2. Now the exterior Z bdc of A abd is > the interior 
Z ABD (Prop. XVI.), t. tf. > Z adb ; .'., a fortiori, > 
Z DBC (Prop. XVI.) ; .*. the side bc is > the side dc 

(Prop. XIX.), > AC — AD, > AC — AB. 

3. In the same way it may be shown that ab is > ac — 
BC, and AC > BC — ab. 

Wherefore any side &c. — Q. E. D. 
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PROP. XX. THEOR. 

Gen. Enun. — Any two sides of a triangle 
are together greater than the third side. 

Part. Enun. — ^Let abc be any a. Then 
the sum of any two of its sides is > the third 
side, viz., ba + ac is > bc, ab + bo > ac, 
and BC -f CA > ab. 

Const. — Produce ba 
to the pt. D (Post. 2), 
mating ad = ac. (Prop. 
III.) Join DC. Then, 

Demonst. — 1. Be- 
cause DA = AC, .'. Z 

ADC = Z ACD (Prop. V.)j but the Z bcd is 
> the Z ACD (Ax. 9) ; .*. the Z bcd is > 
the Z ADC ; and the side bd is > the side bc. 
(Prop. XIX.) 

2. But bd = BA -f AD = BA + AC (Coust.); 

.'. BA + AC is > than bc. 

3. In the same manner, it may be proved that 
ab + bc is > AC^ and that bc -f ca is > ab. 

Wherefore, any two sides &c. — Q. E. D. 

This is one of those Propositions of which it has been 
said that the proof is unnecessary, since any person would 
readily admit its truth without any demonstration. This 
may be very true : but the proof is stUl essential to the 
completeness of a connected mathematical system ; and 
the student must be able to work the two remaining cases. 

In order, therefore, to prove that ab + bc are > 
AC, produce cb to d, make bd ^ 

= AB, and join ad. Then be- 
cause BA =» BD, .*. Z bda = 
Z bad (Prop. V.) : but the Z 
DAC is > the Z BAD (Ax. 9) ; .*. 




PROP. XX. 



49 




the Z DAc is > Z cda; .*. in the A adc, the side 
DC is > side ac (Prop. XIX.) Now dc = db + bc 
=* AB + BC (Const.) ; .'. AB + BC is > AC. 

Again, to prove that bc + ca are > ab, produce 
AC to Dy make cd = bc, and 
join BD. TheUf because cd = 

BC, .*. Z CBD =: Z CDB (Prop. 

V.) : but the Z abd is > Z 
CBD (Az. 9) ; .*. the Z abd is 

> Z ADB ; .'. ad is > AB 

(Prop. XIX.) : but ad » ac 
+ CD = AC + CB ; .*. AC + 
CB is > AB. 

Another solution of the Pro- 
^ position, without producing the 
side, may not be unacceptable. 
Thus:— 

Let ABC be a A . Any two sides, as ba + ac, are > 

BC. 

Bisect the Z bac by the st. line ad (Prop. IX.) ; 
then the exterior Z adb of the ji 

A ADC is > the interior oppo- ^^^^^7\ 

site Z DAC (Prop. XVI.); .'. also ^.>^^ \ 

the Z adb is > the Z dab; .•. ^y^ / \ 
in the A adb, the side ab is > ^ i> ^ 

BD. 

In like manner it may be shown that ac is > dc ; .*. 
AB + AC are > bd + dc, t. e, > bc. 

Of this Proposition the following are Corollaries : — 

Cob. 1. — Tlie three sides of a A , taken together, exceed 
the double qf any one side, but are less than the double 
of any two sides. For the sides ab + ac are > bc ; 
add BC to each ; .*. ab + ac + 
bc are > twice bc. But the side 
ab is < AC + bc ; add ac + bc 
to each; .*. ab + ac + bc is 
< twice AC + twice bc, or 
2 (ac + BC). 

CoR. 2. — Any one side of a rectiline«d figure is less 
than the sum of the remaining sides. 

Let ABCDEF be any rectilineal figure; divide it into 
A* by joining ac, ad, ab, and so on for any number 
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of sides; then af is < ab + 

BF, AB < A]> + DE, AD < 

AC + CD, and AC < ab + bc ; 
.'., a /brtiori, af is < ab + 

BC + CD + DE + BF. 

The following deductions be- 
long here i — 




PROP. O. THEOR. 

Gbn. Enun. — ^If a perpendicular be drawn bisecting a 
given straight line, any point in this perpendicular is at 
equal diatancet, and any point without the perpendicular t* 
at unequal distances Jrom the extremities of the tine. 

Part. Enun. — Let ab be a given st. line. Bisect it* 
in c, and through c draw cd at 
rt. Z * to it. Then any pt. d upon 
the 1 CD is =^^y distant fh)m a 
and B ; and any pt. b, without the ± , 
is not — *7 distant from a and b. 

Const. — Join ad, bd. 

Demonst. — 1. Because ac ^ cb, j^, 
and CD is common to A* acd, bcd ; 
.'. the sides ac, cd = bc, cd, each to each, and the rt. Z 
acd == rt. Z BCD; .*. the base ad b Hie base bd (Prop. 
IV.) : and the same may be proved of the lines drawn frtim 
any other pt. in cd to a and b. 

2. Again, if e be a pt. without the 1 , Join ea, eb, db. 
Then, as before, ad » db ; .*. ae » ad + db » bd + 
DE. But bd + DE are > BE (Prop. XX.) ; .*. ab is > 
BE : and the same may be proved of any other pt. on 
either side of cd. 

Wherefore, if a ± be drawn &c. — Q,, £. D. 




PROP. P. PROS. 



Gen. Enun. — ^From two g^ven points on the same side 
of a line given in position, to draw two lines which shall 
meet in a point in this line^ so that their sum shall be less 
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than thai qf any other lines drawn from the two given 
points to any other point in the same line. 

Part. Enun. — Let ab be a line gn. in position, and c, d 
two gn. pts. on the same side of 
it. Then it is required to draw 
from the pts. c, d, two st. lines 
which shall meet in a pt. in 
AB, and of which the sum shall 
be less than that of any other 
two lines drawn from c.and d 
to any other pt. in ab. 

Const. — From c and d draw cb, df, l to ab (Prop. 
XII.) ; produce cb to o, making so = cb (Prop, ill.) ; 
join DO, cutting ab in h, and join CH. Then ch, dh are 
*the lines required. 

In AB take any other pt. k, and join ck, dk, ok. 

Dbmonst. — 1. Now in the A*ceh, obm, the two sides 
CB, EH B OB, EH, cach to each, and the rt. Z cbh — rt. / 
OBH (Ax. 10) ; .*. the base ch «= base oh. (Prop. IV.) 

2. In the same way it may be proved that ck ~ ok. 

3. Again, because ch = oh, add to each dh ; .% ch + 

DH s GH + DH (Ax. 2) = OD ; but GD iS < DK + KO 

(Prop. XX.), and ko = ck ; .*. cb -t* dh is < ck + dk. 

4. In like manner it may be shown that ch + dh is < 
the sum of any other two lines drawn from c and d to any 
pt. in AB. 

Wherefore, from two gn. pts. c, d, &c. — Q. E. F. 



PROP. XXI. THEOR. 

Gen. Enun. — If, from the ends of one side 
of a triangle, there be drawn two straight lines 
to a point within the triangle, these shall be less 
than the other two sides of the triangle^ but shall 
contain a greater angle. 

Part. Enun. — Let abc be a a . Prom b, c, 
the extremities of the side bc, draw the st. lines 
BD, CD, to the pt. D within the a . Then bd -f 
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CD are < ba + ac ; but the Z bdc is > the 

Z BAC. 

Demonst. — 1. Produce bd to £; and be- 
cause two sides of a a are > 
the third side, .'.in a abe, 
BA + AE are > be. (Prop. 
XX.) Add to each of these 
EC; .*. BA + AC are > BE -f EC 

2. Also in the a ced, de 
+ EC are > dc. Add to each ^ 
of these bd ; .•. be + ec are > than bd + do ; 
and .•., a fortiori^ ba + AC are > bd + dc. 

3. Again, because the exterior Z of a a 
is > the interior opposite Z (Prop. XVI.), 
.'. the exterior Z bdc of a cde is > interior 
opposite Z ced; and the exterior Z ced of a 
ABE is > interior opposite Z bae ; .*., afor- 
tioriy Z BDC is > the Z bae. 

Wherefore, if from the ends &c.— Q. E. D. 

It is absolutely essential to the truth of this Theorem 
that the two lines should be drawn from the exiremities of 
one of the sides ; for the mere fact that one of the triangles 
is included within the other is not sufficient. The Propo- 
sition is indeed by no means self-evident, as some have 
supposed ; for it will appear from the two subjoined pro- 
blems that in certain cases the sum of two lines drawn 
within a A may either exceed that of the two sides of the 
A , or contain a smaller / . 

PROP. Q. PROB. 

Gen. Enun. — In a right-angled or obtuse-angled tri- 
angle to determine a pointy to which two straight line» being 
drawnt one from the extremity of the base farthest from the 
right angle or obtuse angle, and the other from any point 
upon the base, their turn shall exceed that qf the two sides 
(j/ Me triangle. 
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Paht. Emun. — Let abc be a A» having the Z at b 
either a rt. Z or an obtuse Z . Then it is required to find 
a pt. within it, to which two lines being drawn from the ex- 
tremity Cy and any pt. d, upon the base bc, their sum shall 
exceed that of ab + ac. 

Const. — ^JoinAD. Because any two 
Z ' of a A are together less than two 
rt. Z • (Prop. XVII.) ; and that the Z 
abd is either a rt. Z or > a rt. Z , 
(Hyp.); .*. the Z adb is < a rt. Z , 
and consequently < the Z abd ; .*. b 
AD is > than ab. (Prop. XIX.) Make 
ED = AB (Prop. III.), and bisect 
AX in F. (Prop. X.) Then f is the 
pt. required. Join fc. 

Demon ST. — 1 . Because af = fb, . *. 
AF + FC=EF + fc ; but AF + FC are > 
AC (Prop. XX.); .'.BF + Fcare > ac. 

2. Now ED = AB ; .*. by addition, 
DF + FC are > AB + AC (Ax. 4). 

Therefore in the A abc, a pt. f has 
been found such that of + fc is > ab + ac — Q. E. F. 





PROP. R. PROB. 



Gen. Enun. — From one side of a scalene triangle, to 
draw two ttraight lines to a point within the triangUy 
which shall contain an angle less than that which is con- 
tamed by the other two sides qfthe triangle. 

Paht. Enun. — Let abc be a scalene A , of which ab is 
the shortest and bc the longest side. Then it is required, &c. 

Const. — From bc cut off db 

B ab. (Prop. III.) Join ad : 

and in ad take any pt. b, and 

join EC. Then the Z ced shall 

be < than Z bag. 

Deiionst. — Since ba » bd, 
•*. the Z bad s Z bda (Prop. V.) ; but the exterior 
BDA is > the interior opposite Z ced (Prop. XVI.); 
also, the Z bad is > the Z ced ; and .*., a fortiori , 

BAC is > the Z CED. 
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Therefore from the base bc of the A abc» two Imes ce, 
DB have been drawn to the pt. b, containing the Z cbd 
< the Z BAG.— Q. £. F. 

From Prop. XXI. the following is a dedaction: — 



PROP. S. THEOR. 

Gbn. Enum. — If a trapezium and a triangle are upon the 
same base, and on the same side of it, and the trapezinm 
falls within the triangle, tke sides qf the trapezium are 
together less than those qf the 
triangle. 

Part. Enun. — Let the A abc 
and the trapezinm abed be upon 
the same base ab, and upon the 
same side of it, and let the trape- 
zium fall within the A . 7%en the 
sides AD + DE + SB are < ac + cb. 

Demonst. — Produce ad, be to meet in 7. 7%en af + 
BF are < AC + bc (Prop. XXI.) ; and df + bf are > 
than DE (Prop. XX.) ; .*., a/ortiorif ad + db + eb are 
< than AC + BC. 

Wherefore, if a trapezium &c. — Q. £. D. 




PROP. XXII. PROB. 

Gen. Enun. — To make a triangle of which 
the sides shall be equal to three given straight 
lines; but any two whatever of these lines 
must be greater than the third. 

Part. Enun. — Let a^ b^ c be the gn. st. 
lines, of which any two are > the third; viz. 
A-|-B>c, A-|-c> B, and b + c > a. 
Then it is required to make a a of which the 
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A- 

2- 
C- 



sides shall be = a, b, c, 
each to each. 

Const. — ^Take a line de, ^j 
terminated towards b, but 
unlimited towards e, and 
make df = a, fg = b, gh 
= c. (Prop. III.) Fromcr. 
F^ with rad. fd, describe a 
DKL. From cr. g, with rad. gh, describe a 
HLK (Post. 3). Join KF, KG (Post. 1). T%en 
the A KFG is the triangle required. 

Demonst. — By the property of a (Def. 
15), KF = FD = a ; and kg = gh = c ; also 
FG = B. (Const.) : .\ the A kfg has its three 
sides, KF, FG, gk = to the three gn. st, lines 
a, b, c respectively. — Q. B. F. 

That the three straight Unes mast answer the conditions 
indicated in the enunciation is manifest from Prop. XX. ; 
and, such being the case, the two O" must necessarily cut' 
each other ; for since fg + oh are > df, the dkl 
must meet fe between f and h ; and df + fo being > 
OH, the HLK must meet od between o and d ; so that 
dne of these 0* cannot be wholly within the other. Also, 
because df + oh is > fg, the two 0" cannot lie wholly 
without each other. It is clear that if df = oh, the A 
will be isosceles, and the Proposition will coincide with 
Prop. B ; and if the three lines be all equal, with Prop. I. 
Another mode of solving the Proposition is as follows : — 

Taking the longest line a, or de = a, to form the base 
of the A , make df = b, and eg => c. (Prop. III.) From 
cr. D, with rad. df, describe the fkh. From cr. b, with 
rad. EG, describe the okh. Join 
dh, eh . Then deh is the A required. 

For by property of 0, dh = df 
= b; EH = EG = 0; and de =» 
A ; .*. the sides of the A deh = 
A, B, o respeetively.— Q. E. F. 
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A similar A may of coarse be constmcted on the other 
side of DB. 



PROP. XXIII. PEOB. 

Gen. Enun. — At a given point in a given 
straight line^ to make a rectilineal angle eqiud 
to a given rectilineal angle. 

Pabt. Enun. — Let ab be the gn. st. line ; 
A the gn. pt. in it ; dce the gn. rectilineal Z, . 
Then it is required to make an Z at the gn, 
pt. A = Z ncE. 

Const. — ^Take in cd, c 
CE any pts. d, e, and A. 
join DE ; make the a / \ 
AFG, of which the sides / \ t/ 
shall be = the st. lines dA—-"'^^/ 
CD, DB, CE, each to / * 

each; viz. af = CD, ' 
AG = CE, FG = DE. (Prop. XXII.) Then the 
Z FAG is the Z required. 

Demonst. — ^Because dc, ce = fa, ag, each 
to each, and the base de = base fg (Const.), 
••. the Z FAG = Z dce. (Prop. VIII.) 

Wherefore, at the gn. pt. a, in the gn. st. 
line AB, the Z fag has been made = the gn. 
Z DCE. — Q. E. F. 

PROP. XXIV. THEOR. 

Gen. Enun. — If two triangles have two sides 
of the one equal to two sides of the other, each 
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to each^ but the angle contained by the two 
sides of one of them greater than the angle 
contained by the two sides, equal to them, of 
the other, the base of that which has the greater 
angle shall be greater than the base of the other. 
Part. Enun. — Let arc, def be two trian- 
gles, which have the two sides ar, ac = to the 
two sides de, df, each to each, viz. ar = de. 





and AC = DF ; but let the Z rag be > the Z 
EDF : then the base rc shall be > the base ef. 

Const. — Of the two sides de, df, let de be 
not > DF; and at the pt. d, in the st. line de, 
make Z edg = Z rac. (Prop. XXIII.) Make 
also DG = AC = DF (Prop. III.), and join eg, 
GF (Post. 1). 

Demonst:. — 1. Because ar = de (Hyp.), 
and AC = DG (Const.), .*. the two sides ar, 
AC = de, dg, each to each : and the Z rac 
= Z EDG (Const.); .'. the base ec = base eg. 
(Prop. IV.) 

2. Again, because dg = df, .'. Z dfg = 
Z DGF (Prop, v.); but the Z DGPis > Z egf 
(Ax. 9); .'. Z DFG is > Z egf; .'., a fortiori, 

Z EFG is > Z EGF (Ax. 9). 
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8. Now the > Z of a A is subtended by its 
greater side (Prop. XIX.) ; .'. in the a bgp, 
the side eg is > ef; but eg = bc; .*. also 
BC is > EF. 

Wherefore, if two a" have two sides &c. — 
Q. E. D. 

There is clearly another case of this Theorem, when 
DE is > than df, of which the proof is somewhat diffei-ent, 
and is therefore subjoined. 

Proceed as before, and A i) 

produce df, do to h, k: 
then, as before, so = bc ; 
and because df = do, the 

Z * on the other side of the 
base of the A dfo are => 
(Prop. V.) ; .'. the Z ofh 

== Z fgk; but Z FOK is 

> Z FOE (Ax. 9); ,*. Z 
OFH is > Z FOE ; .'., a 

fortiori, Z gfb is > Z fob ; .*. side eo is > ef (Prop. 
XIX.) ; but EO — BC ; .*. bc is > ef. — Q. E. D. 

The reason why Euclid did not adopt this proof may be, 
that it is, in point of fact, superfluous ; for if de be > df, 
j>F is < than de ; and by an inverted oonstmetion of the 
figure, the same demonstration will suffice. Of this the 
student will do well to satisfy himself. That in this case 
the pt. F falls below the line eg is manifest ; for since do 
= DF, the pt. o is in the O*^' of a described from the 
cr. D, with rads. df, and must be above df^ because the Z 
EDO is > than Z edf. 

It is also worthy of obsenration that the conclusion, de- 
rived from the inequality of the Z * contained by the equal 
sides, is not coextensive with that derived from tiieir equal- 
ity in Prop. IV. It is not necessary that the area or the 
remaining Z ' of that which has the greater base should be 

> than those of the other. Without proceeding further, 
at least for the present, it will be seen at once that, in the 
first case, as. given in the Proposition, the Z abc will 
always be <, and, in the second, always > the Z def. 




PROP. XXV. 59* 



PROP. XXV. THEOE. 

Gen. Enun. — If two triangles have two 
sides of the one equal to two sides of the 
other, each to each, but the base of the one 
greater than the base of the other, the angle 
contained by the sides of that which has the 
greater base shall be greater than the angle con- 
tained by the sides, equal to them, of the other. 

Part. Enun. — Let abc, dep be two a* 
which have the two sides ab, ac equal to the 
two sides de, dp, each to each; «. e. ab = 
DE, and AC = DP : but let the base bc be > 
the base ep. Then the Z bac shall be > 
the Z EDP. 

Demonst. — ^For, if not >, the Z bag is 
either = or < the Z edp. 

1. Now it is not = to it, for then base bc 
would = base ep (Prop. 
IV.); but it is not = 
to it. (Hyp.) 

2. Neither is it < , for 
then BC would be < ep 
(Prop. XXIV.); but it b 
is not. (Hyp.) 

3. .\ the Z BAC is neither = nor < the 
Z edp; «. e. Z bac = Z edp. 

Wherefore, if two a^ have two sides &c. — 
Q. E. D. 

This Proposition is the converse of the preceding. 




60 EUCLID. BOOK I. 



PROP. XXVI. THEOR. 

Gen. Enun. — If two triangles have two 
angles of the one equal to two angles of the 
other^ each to each^ and one side equal to one 
side^ viz, either the sides adjacent to the equal 
angles^ or the sides opposite to equal angles in 
each^ then shall the other sides be equal, each to 
each, and the third angle of the one to the third 
angle of the other. 

Part. Enun. — Let abc, def be two a^, 
which have the Z* abc, bca = Z" dbp, efd, 
each to each ; viz. Z abc = Z def^ and Z 
BCA = Z efd ; also let one side of a abc = one 
side of A DEF, towards the same parts; then 
the other sides shall be =, each to each, and 
the third Z bac shall be = third Z edf. 

Case 1. — Let the sides adjacent to the = 
Z» in the two a* be = to each other, i, e. let 
BC = EF ; then/ifAB be 
not = DE, one of them 
must be > the other. 

Const. — Let ab be 
the > of the two ; make * ' ^^ ^ 

GB = DE (Prop. III.), and join gc. 

Demonst. (Addbs.) — 1. Now because gb = 
DE,and BC = EF (Hyp.); .*. in the a^ gbc,def^ 
the two sides gb, bc = de, ef, each to each, and 
the Z GBC = Z DEF (Hyp4 ; .*. the base gc 
= base DF, and the a gbc = a def. (Prop. 
IV.) Also the remaining Z* are =, each to 
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each; .'. the Z gcb = Z dpe = Z acb 
(Hyp.), i. e. the less = the greater, which is 
impossible. 

2. .'. AB is not unequal to de, t, e. ab = de. 

3. Also BC = EP (Hyp.) ; .\ the two ab, bc 
= DE, EP, each to each, and Z abc = Z def; 
.'. the base ac = base dp, and the third Z 
bag = third Z edp. (Prop. IV.) 

Case 2. — Let the sides opposite to = Z^ 
in each a be =, i.e. let ab = de. Then if 
3C be not = ep, let bc be the greater of them. 

Const. — ^Make bh = ep (Prop. IlL), and 
join AH. 

Demonst. — 1. Now because bh = ep, and 
AB = DE (Hyp.) j .'. the two ab, bh = de, 
EP, each to each, and a j) 

the Z ABH = Z DEF 

(Hyp.) ; .'. the base 
AH = base DP, and the 

A ABH = A DEF, and 

the remaining Z^ are also respectively equal 
(Prop. IV.) : .'. the Z ahb = Z dpe = Z 
ACB (Hyp.), u e. the exterior Z of a ach 
= interior and opposite Z, which is impos- 
sible. (Prop. XVI.) 

2. .*. BC is not unequal to ep, i. e, bc = ep. 

3. Also AB = DE (Hyp.)j .•. the two ab, 
bc = DE, EP, each to each, and the Z abc = 
Z DEF (Hyp.); .'. the base ac = base dp, 

and the third Z bac = the third Z edp. 
(Prop. IV.) 
Wherefore, if two a* have &c. — Q. E. D. 

G 
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This Theorem contains the third and last condition of 
the equality of two or more A% and, as in the Fourth and 
Eighth Propositions, it involves also the equality of the 
areas and the remaining sides and L . For sinoe the two 
sides AB, BC = DB, BF, cach to each, and contain = Z •, 
not only does the base ac = base bf, but the A abc = A 
DBF, and the Z bag = Z bdf, by Prop. IV. The fol- 
lowing are useful deductions : — 

PROP. T. THEOR. 

Gen. Enun.— If, in an equilateral or isosceles triangle, 
a straight line be drawn to the base, from the angle con- 
tained by the two equal sides, and bisecting the angle ; it 
shall also bisect the bases or if it bisect the base, it shall 
also bisect the angle; and if it bisect either the angle or 
the base, it shall be perpendicular to the base, 

Pabt. Enun. — Let abc be an equilateral or isosceles A , 
having the side ab = ac. From the 
angular pt. a draw ad to the base bc, 
and, first, let it bisect the Z bag 
(Prop. IX.); then bg shall also be 
bisected in n, and ad shall be ± to bc. 

Dbmonst. — Because ab = ac 
(Hyp.), and ad is common to A* abd, 
ACD ; .*. the two sides ba, ad s= ca, 
ad, each to each, and the included Z bad =s Z cad 
(Hyp.) J .*. the base bd = base cd (Prop. IV.) ; and the 
Z bda — Z CDA, and they are adjacent Z * ; .*. bc is 
bisected in d, and the line ad is ± to bc (Def. 10). 

Next let BC be bisected in d ; then also ad shall be x 
to BC, and bisect the Z bag. 

Dbmonst. — 1. Because bd :== cd (Hyp.), and da is 

common to A* adb, adc ; .*. the two bd, da » cd, da, 

each to each ; and the base ab = base ac (Hyp.) ; .*.' the 

Z BDA = Z CDA, and they are adjacent Z"; .'. each 

of them is a rt. Z . 

2. Also because the side ab = ac ; .*. the Z abc = Z 
ACB (Prop. V.) ; .*. the Z ■ ADB, abd — Z adc, acd, 
each to each ; and ad is opposite to » Z ' in each; .*. the 
third Z BAD » Z cad (Prop. XXVI.) : t. e. the Z bag 
is bisected by ad, which has been shown to be ± to bc. 

Wherefore, if in an equilateral &c. — Q. E. D. 
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PROP. U. THEOR. 

Gen. Enun. — If a straight line, drawn j. to the base 
of a triangle from the opposite angle, bisect either that 
angle or the base, the sides containinff the angle shall be 
equal. 

Paht. Enun. — Let abc be a A. Through a draw ad 

± to BC (Prop. XII.), and, first, let bc be bisected in d. 

Then the side ab shall be » 

to AC. 

Demon ST. — Because bd = 
CD (Hyp.), and da is com- 
mon; .*., in A* adb, ADC, 
the two BD, DA = CD, da, 
each to each, and the rt. / 
BDA = rt. Z CD A (Def. 10) ; 
.*. the base ab » base ac. 
(Prop.IV.) 

Again, let the Z bac be bisected by the j. ad. 
Then, because the Z * bad, adb = Z ' cad, adc, each to 
each, and ad is opposite to = Z * in each ; .'. also the base 
AB » base AC (Prop. XXVI.) 

Wherefore, if a st. line, &c. — Q. E. D. 




PROP. V. PROB. 

Gen. Enun — Through a given point, to draw a straight 
line which shall make equal angles with two straight lines 
given in position. 

Part. Enun. — Let ab, cd be two st. lines gn. in posi- 
tion ; E the gn. pt. Then 
it is required to draw a '^''--- — 3 
line through e, which 
shall make — Z • with c 

AB, CD. 

Const. — Produce ab, 
CD to meet in f (Post. 2) ; 
bisect the Z afc by the 

St. line FO (Prop. IX.); through s draw eg ± to va 
(Prop. XII.), and produce eg boUi ways to b and d. Then 
BD is the line required. 
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« 

Because the L bfo » Z dfo, and the Z * at o are rt. 

Z • (Const.) ; .•., in A* bgf, dgf, the Z • bfg, fob = Z ' 

DFO, FGD, each to each, and fg is opposite to the = Z ' 

in each ; .*. the third Z fbg = the third Z fdo. (Prop. 

XXVI.) 

Wherefore, through the gn. pt. s, ast. line bd has been 
drawn making » Z ' with the gn. st. lines ab, cd. — 
Q. E. F. 



PROP. XXVII. THEOR. 

Gen. Enun. — If a straight line, falling upon 
two other straight lines, makes the adjacent 
angles equal to one another, these two straight 
lines are parallel, 

Pakt. Enun. — Let the st line ef, falling 
upon the two st. lines ab, en, make the alter- 
nate Z^ AEF, EFD = to 

one another ; then ab is 
II to CD. ^^ 

Const, and Demonst. 
— 1. For, if not, ab and 
CD, being produced, will 
meet either towards b, d, or a, c. Let them be 
produced and meet towards b, d, in the pt. g ; 
then the figure efg is a a, of which the exte- 
rior Z AEP is > the interior opposite Z efg 
(Prop. XVI.) ; but these Z^ are sdso = (Hyp.), 
which is impossible; .*. ab and cd, being pro- 
duced, do not meet towards b, d. 

2. In like manner it may be shown that they 
do not meet towards a, c. 

3. But St. lines which never meet either 
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way, though produced ever so far, are || to 
one another (Def. 34) ; /. ab is || to cd. 
Wherefore, if a st. line, &c. — Q. E. D* 

It is clear from the Definition, though Euclid has stated 
the limitation neither in this nor the following Proposition, 
that the two lines upon which the other falls should be in 
the same plane. At the same time, the oversight, if such 
it be, is so palpable, that it cannot mislead; not to mention 
that, in the first six books, Euclid treats of plane surfaces 
only. 



PROP. XXVIII. THEOR. 

Gen. Enun. — If a straight line, falling upon 
two other straight lines, makes the exterior 
angle equal to the interior and opposite angle 
upon the same side of the line, or makes the 
interior angles upon the same side equal to 
two right angles, the two straight lines shall be 
parallel to one another. 

Part. Enun. — Let the st. line ef, falling 
upon the two st. lines ab, cd, make the exterior 
Z. £0B = the interior and opposite Z ghb, 
upon the same side ; or let it make the inte- 
rior Z* on the same side, 
BGH, GHD, together = two 
rt. Z ® ; then, in either case, 
AB is II to CD. 

Demonst. — 1. Because 
the Z AGH = vertical Z 
egb (Prop. XV.) = Z GHD (Hyp.), and they 
are alternate Z^; .'. ab is || to cd. (Prop. 
XXVII.) 
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2. Again, because the Z^ agh -f- bgh = 
two rt. Z" (Prop. XIII.) = bgh + ghd 
(Hyp.); /. (by subtraction) the Z agh = 
Z GHD (Ax. 3), and these are alternate Z^; 
.'. AB is II to CD. (Prop. XXVII.) 

Wherefore, if a st. line, &c. — Q. E. D. 



PROP. XXIX. THEOR. 

Gen. Enun. — If a straight line fall upon 
two parallel straight lines, it makes the alternate 
angles equal to one another ; and the exterior 
equal to the interior and opposite angle upon the 
same side; and likewise the two interior angles 
upon the same side equal to two right angles. 

Part. Enun. — lit the st. Hne bf meet the 
II St. lines ab, cd. Then it makes the alter- 
nate Z* AGH, GHD =; 

also the exterior Z egb 
= interior and oppo- 
site Z GHD, upon the 
same side; and the two 
interior Z ^ bgh + ghd 
= two rt. Z^. 

Demonst. — 1. For if the Z agh be not = 
Z GHD, one must be the > . 

2. Suppose Z AGH > than Z ghd, and add 
to each Z bgh; .*. Z® agh -f bgh are > 
the Z® BGH + GHD (Ax. 4) ; but Z« agh 
+ BGH = two rt. Z«. (Prop. XIII.) ; .-. Z* 
BGH + GHD are < two rt. Z ®. 
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3. Now St. lines, which, when another line 
falls upon them, make the interior Z^ upon 
the same side < two rt. Z^, will meet toge- 
ther, if continually produced (Ax. 12) ; .*. the 
St. lines ab, cd will meet, if produced far 
enough. 

4. But they never meet, because they are 
parallel (Def. 34) ; .•. the Z agh is not un- 
equal to the Z GHD, I. e. the Z agh = Z ghd. 

5. Again, the Z agh = Z egb (Prop. 
XV.) ; .-. Z EGB = Z GHD. 

6. Add to each the Z bgh; .'. Z» egb + 
BGH = Zs bgh + GHD (Ax. 2) ; but Z" egb 
+ BGH = two rt. Z8 (Prop. XIII.); .-. Z* 

BGH + GHD = two rt. Z^ (Ax. 1). 

Wherefore, if a st. line &c. — Q. E. D. 

This Proposition is converse to the two which precede. 
It depends upon the Twelfth Axiom, which, however, so far 
from being sdf-evident, is rather a Corollary to the Theorem 
which it is applied to demonstrate. This circumstance has 
given much trouble to mathematicians, and involves the 
doctrine of parallel lines in considerable obscarity. Without 
adverting to the different means which have been employed 
to get rid of the difficulty, suffice it to remark that the best 
way is to seek another solution of this Proposition, from 
which the proof of the Twelfth Axiom, or, more properly 
speaking, the Theorem which it involves, will readily be 
deduced. • For this purpose we may proceed thus : — 

If the Z AGH be not = ghd, let agh be the > of the 
two. At the pt. o in the st. line ef 
make the Z hgk =» Z ghd (Prop. 
XXIII.), and let gk meet cd in k. 
Then the exterior Z ghd, of the 
A K6H, is > than the interior op- 
posite Z HGK (Prop. XVI.); but 
(by Construction) the Z hgk = 
Z GHD, the less = the greater, 
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which is impossible ; .*. the JL agh is not unequal to the 
Z OHD, «. e. the I agh — / ghd ; but the L agh, &c. 
&c. &c. as before. 

CoR. — If a St. line bf meets two st. lines ab, cd, so as 
to make the two interior L * bgh, ghd taken together less 
than two rt. / *, these st. lines, being continually produced, 
will at length meet on that side of ef on which are the L ' 
less than two rt. Z ', t. e. towards b and d. 

Demonst. — 1. For, if not, ab and cd are either II to 
one another, or they will meet on the other side of ef. 

2. Now they are not || , for then the Z * bgh + ghd 
would be = to two rt. Z • (Prop. XXIX.) ; but they are 
not. (Hyp.) 

3. Neither do they meet on the other side of ef ; for, if 
so, the Z * AGH, GHC are two Z * of a 
A , and .*. they are < than two rt. Z ' ; 
but the four Z ' agh + bgh + ghd 
+ GHC = four rt. Z • (Prop. XIII.) ; 
and the Z * bgh + ghd are < two rt. 

Z • (Hyp.) ; .'. the Z • agh + ghc 
are > two rt. Z •. 

4. .*. AB and cd do not meet to- 
wards A and c : and they are not li ; 
•*. they will meet, if produced, towards b and d. — Q. E. D. 



PROP. XXX. THEOR. 

Gen. Enun. — Straight lines, which are pa- 
rallel to the same straight line, are parallel to 
one another. 

Part. Enun. — Let ab, cd be both || to 
EF ; then ab is || to cd. 

Const. — Let the st. line ^ 

GHK cut AB, EF, CD. ^" 

Demonst. — 1. Because ab o- 
is II to EF, and ghk cuts 
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them, /. the Z agh = alternate Z ghf, 
(Prop. XXIX.) 

2. Again, because ef is || to cd, and gk 
cuts them, /. the exterior Z ghf = interior 
Z GKD. (Prop. XXIX.) 

3. .'. the Z AGK = Z GKD (Ax. 1), and 
they are alternate Z^; .\ ab is || to CD. 

Wherefore, st. lines, &c. — Q. E. D. 

It is clear that the same reasoning may be carried on to 
any number of lines ; nor is it necessary that ef should lie 
between ab and CD ; and the student should prove the 
Theorem, when it is placed either above ab or below cd. 



PROP. XXXI. THEOR. 

Gen. Enun. — To draw a straight line 
through a given point parallel to a given 
straight line. 

Part. Enun. — Let a be the gn. pt., and bc 
the gn. St. line. Then it is required to draw 
through A a st. line || to bc. ^ a ? 

Const. — In bc take any pt. ~ 

D, and join ad (Post. 1). At 

the pt. A, in the st. line ad, ^ ^ ^ 

make the Z dab = Z adc (Prop. XXIII.) ; 
and produce the st. line ea to f (Post. 2), 
Then ef is the line required. 

Demonst. — ^Because the st. line ad, which 
meets the two st. lines ef, bc, makes the alter- 
nate Z^ BAD, ADC = to one another, .*. ef is 
II to BC (Prop. XXVII.) 

Therefore the st. line baf is drawn through 



70 



EUCLID. BOOK I. 



the gn. pt. A II to the gn. st. line bc. — 
Q. E. F. 

It is clear that the pt. a cannot be so gn. that the line 
AD shall be in the same st. line with bc. 

The following Theorem may now be solved : — 



PROP. W. THEOR. 

Gbn. Knun. — Of all triangles having the same vertical 
angle, and whose bases pass through a given point, the least 
is that of which the base is bisected in the given point. 

Part. Enun. — Let bac be the vertical Z of any number 
of A*, whose bases pass through 
a gn. pt. D. Let the base bc of 
the A ABC be bisected in d ; also 
let AEF be any other A * having 
the same vertical Z , and whose 
base passes through d. The A 
ABC is < than the A abf. 

Dbmonst. — 1. Through c 
drawca || toAB(Prop.XXXL); 
then the Z ebd = alternate Z 
i>co (Ftop. XXIX.) ; the verti- 
cal Z BDB =s vertical Z cdg 
(Prop. XV.); and the side bd = dc (Hyp.); .'. A ebd 
= A GCD (Prop. XXVI.), and < than A cdf. 

2. To each a[dd the trapezium acde; .*. the A abc is 
< than A abf. 

3. The same may be proved with respect to any other A 
with the same vertical Z , whose base passes through d. 

Wherefore, of all triangles &c. — Q. E. D. 




PROP. XXXII. THEOR. 



Gen. Enun. — If a side of any triangle be 
produced^ the exterior angle is equal to the two 
interior and opposite angles ; and the three inte- 
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rior angles of every triangle are equal to two 
right angles, 

Pabt. Enun. — Let abc be a a^ and let one 
of its sides bc be produced to d; then the 
exterior Z acd = the interior and opposite 
Z^ CAB + ABC, and the three interior Z» 

ABC + BCA + CAB = 

two rt. Z ^. 

Const. — Through the 
pt. c draw cb || to ba. b^ ^ d 

Demonst. — 1. Because ab is || to ce, and 
AC meets them, .•. the Z bag = alternate Z 
ACE. (Prop. XXIX.) 

2. Again, because ab is || to ce, and bd 
meets them, .*. the exterior Z ecu = interior 
Z ABC. (Prop. XXIX.) 

3. .'. the Z ACD = Z« ACE -f ECD = Z^ 
BAC + ABC. 

4. Add to each the Z acb ; .*. the Z^ acd 

+ ACB = Z^ ABC + BCA -f CAB (Ax. 2): 

but the Z^ ACD -f ACB = two rt. Z« (Prop. 
XIII.) ; .'. the Z^ abc + bca + cab = two 
rt. Z8 (Ax. 1). 

Wherefore, if a side of a triangle be produced, 
&c.— Q. E. D. 

CoR. 1. — ^All the interior Z* (rf any rectili- 
neal figure + four rt. Z* = twice as many 
rt. Z ^ as the figure has sides. 

Demonst. — 1. For any rectilineal figure 
ABODE may be divided into as many z>k^ as the 
figure has sides, by drawing lines from each of 
its Z** to any pt. f within it. 
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2. Now all the Z« of these a» = twice as 
many rt. Z** as there are a% i. e, as there are 
sides to the figure. 

3. And these same Z^ = 
the Z« of the figure + Z* at 
the pt. F, which is the com- 
mon vertex of all the a^ = 
Zs of the figure + four rt. Z^ (2 Cor., Prop. 
XV.); .'. all the Z^ of the figure + four rt. 
Z* = twice as many rt. Z« as the figure has 
sides. — Q. E. D. 

CoK. 2. — All the exterior Z^ of any recti- 
lineal figure are together = to four rt. Z ^. 

Demonst. — Because every interior Z abc 
+ its exterior Z abd = two rt. Z® (Prop- 
XIII.) ; .*. all the interior Z^ + all the exte- 
rior Z ** = twice as many rt. 
Z^ as the figure has sides: 
t. e, = all the interior Z « -f- 
four rt. Z* (Cor. 1); .•. all 
the exterior Z * = four rt. Z «. 
— Q. E. D. 

From this Theorem , which is an amplificatioii of the 
16th and 17th Propositions, it is clearly dedwnble that if 
one of the Z * of a A be a rt. Z , the sum of the other t^uo 
is = to a rt. Z ; that in an isosceles rt. Z ** A , each of the 
Z * at the base is half a rt. Z (Prop. Y.) ; that each of the 
Z * of an equilateral A is one-third of two rt. Z ', or two* 
thirds of a rt. Z ; and that if two of the angles of any 
A are » to two of the angles of another, the third Z of 
the one is » to the third Z of the other. The conyerse of 
the Propositicm may be thus partially enunciated and 
proved: — 
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PROP. X. THEOR. 



Gen. Enun. — If a straight line be drawn from one of 
the angles of a triangle, making the exterior = to the two 
interior and opposite angles, it shall be in the same straight 
line with the side of the triangle. 

Part. Enun. — From the angular pt. c of the A abc, 
let a St. line cd be drawn, so that the exterior Z acd = 
the two interior knd opposite Z ' abc + bag ; then cd 
is in the same st. line with bc. 

Demonst. — Since the Z acd = Z ' 
ABC + BAC, add to each side the Z 
ACB ; .'. the Z ■ acd + acb = Z ■ 

ABC + BAC + ACB ; but Z ■ ABC + 

BAC + ACB = two rt. Z" (Prop. 3 

XXXII.) ; .'. Z • ACD + ACB = two 

rt. Z ' (Ax. 1) ; .'. cd is in the same st. line with bc. 

(Prop. XIV.) 

"Wherefore, if a st. line &c.— Q. E. D. 

To this may be added the following deductions: — 




PROP. Y. PROB. 



6en. Enun. — To trisect, a right angle; that is, to divide 
it into three equal parts. 

Part. En on. —Let abc be a right Z ; then it is required 
to divide it into 3 = parts. 

Const. — In bc take any pt. c, 
and upon bc describe an equila- 
teral A BCD (Prop. I.); bisect the 
Z DBC by the st. line be. (Prop. 9); 
then the Z ' abd, dbe, ebc are all 
equal. 

Demonst. — For the Z dbc ^ 
(being one of the Z ' of an equilateral A ) = f rds of a rt. Z ; 
.-. each of the I* dbe, ebc (by construction) = ^rd of a 
rt. Z ; .*. also, the Z abd = ^rd of a rt. Z ; ,*. Z abd = 
Z dbe = Z EBC. 

H 
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Wherefore the rt. Z abc has been trisected by the st. 
lines BD, BE. — Q. E. F. 



PROP. Z. PROB. 

Gbn. Enun.— To trisect a given finite straight line ; 
that is, to divide it into three equal parts. 

Part. Enun. — Let ab be the gn. st. line ; then it is 
required to divide it into three = parts. 

Const. — ^Upon ab describe an ^ 

equilateral A abc (Prop. I.) ; bi- 
sect the Z ' CAB, cba by the st. 
lines AD, BD, meeting in d (Prop. 
IX.) ; through d draw de || to 
AC,andDF II to BC (Prop. XXXI.); 
then AB will be trisected in the 
pts. E, F. 

Dbmonst. — 1. Because ed is 
11 to AC, the Z EDA = alternate 

Z DAC (i?rop.XXIX.) = Z DAE (Const.); .'. ae =«= ed. 
(Prop. VI.) 

2. In like manner, bf = fd. 

3. Again, because de is || to ca, and df to cb, .*. ex- 
terior Z DEF =: interior Z cab, and exterior Z dfe = 
interior Z cba (Prop. XXiX.) ; .'. the third Z edf of A 
DEF = third Z acb of A abc. (Prop. XXXII.) 

4. IJence the A dbf is equiangular, and .*, equilateral 
(Prop. VI. Cor.) ; and,.*, ae (= de) =s ef (= fd) = fb. 

Therefore the gn. st. line ab has been trisected in the 
pts. E and f. — Q. E. F. 



PROP. AA. THEOR. 

Gen. Enun. — If the three angles of a triangle be bi- 
sected, and one of the bisecting lines be produced to the 
opposite side, the angle contained by this line produced, 
and one of the others ^ is equal to the angle contained by the 
thirdf and a perpenfticular drawn from the common point 
of intersection oJTthe three lines to the aforesaid side. 
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Part. Enun. — Let the three Z • of the A abc be bi- 
sected by the st. lines ad, bd, cd (Prop. IX.) ; produce 
AD to E (Post. 2), and from d draw df l to bc (Prop. 
XII.) ; then the Z bde := Z cdf. 

Demonst. — 1. Because the three Z' of A abc — two 
rt. Z ■ (Prop. XXXII.), .-. the Z » dba 
+ dab + dcf = a rt. Z (Const.) = 
Z" dcf + CDF (Prop. XXXII.); .'., 
by subtraction, Z ■ dba + dab = Z 
CDF (Ax. 3). 

2. But the exterior Z bde of. A abd 
= Z' DBA + DAB (Prop. XXXII.); 
.*. the Z BDE = Z CDF (Ax. 1). 

Wherefore, if the three angles &c. — Q. E. D. 




PROP. BE. THEOR. 



Gen. Enun. — If the sides of an equilateral and equian- 
gular pentagon, or five-sided figure, be produced to meet, 
the angles formed by these lines are together equal to two 
right angles ; and if the sides of an equilateral and equian- 
gular hexagon, or six-sided figure, be produced to meetf the 
angles so formed are equal to four right angles. 

Part. Enun. — 1. Let abcde be an equilateral and equi- 
angular pentagon ; produce 
its sides to meet in f, o, 
H, K, L ; then the Z ' at 
these pts. together = two 
rt. Z». 

Demonst. — For the Z 
ABF (the exterior Z of A 
lbh) = Z * at H and l, 
and the Z baf (the exte- 
rior Z of A gak) = Z 'at 

GandK (Prop. XXXII.); 

.'., by addition, Z"abf + 

BAF = Z * 6, H, K, l; add to each the Z ■ afb ; .* 

at F, G, H, k,''l = the three Z* of abf = 2 

(Prop. XXXII.) 




the Z 
rt. Z». 
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Part. Enun. — 2. Let abcdef be an eqtdlateral and equi- 
angular hexagon ; produce its sides 
to ir.eet in g, h, k, l, m, n ; the L * 
at these pts. = four rt. Z •. 

Demonst. — For they are the 

/• of the two A» OMK, hln: 

and the Z • of any A = two rt. 

Z • (Prop. XXXII.) ; .•. the six 

Z • at o, H, K, L, M, N = four 

rt. Z". 

Wherefore, if the sides &c.— 
Q. E. D. 




PROP. XXXIII. THEOR. 



Gen. Enun. — ^The straight lines, which join 
the extremities of two equal and parallel straight 
lines towards the same parts, are themselves also 
eqiial and parallel. 

Part. Enun. — Let ab, cd be = and || st. 
lines, and let them be 
joined towards the same 
parts by the st. lines ac, 
bd; then ac is = and 

II to BD. 

Const. — Join bc. 

Demonst. — 1. Because ab = cd, and bc 
is common to the 2 a^ abc, bcd, .*. the two 
sides AB, BC = DC, CB, each to each : and be- 
cause AB is II to CD, the alternate Z abc = 
alternate Z bcd (Prop. XXIX.); .'. the base 
AC = the base bd. (Prop. IV.) 

2. Also the Z acb = Z cbd. 

Hence, because the st. line bc meets the 2 st. 




PROP. XXXIV. n 

lines AC, bd, and makes the alternate Z^ acb, 
CBD = to one another, . * . ac is || to bd. 

And it has been shewn that ac = bd. 

Therefore straight lines &e. — Q. E. D. 

PROP. XXXIV. THEOR. 

Gen. Enun. — The opposite sides and angles 
of parallelograms are equal to one another, and 
the diameter bisects them, that is, divides them 
into two equal parts. 

N. B. A parallelogram is a four-sided figure, of which 
the opposite sides are parallel: and the diameter is the 
straight line joining two of its opposite angles. 

Part. Enun. — Let abcd be a d "", and bc 
its diameter; then the 
opposite sides and Z^. 
are = to one another, 
and the diameter bc bi- 
sects it. 

Demonst. — 1. Because ab is || to cd, and 
bc meets them, .'. the alternate Z abc = 
alternate Z bcd (Prop. XXIX.) : and because 
AC is II to BD, and bc meets them, .*. the 
alternate Z acb = alternate Z cbd (Prop. 
XXIX.) ; .'.in the a^ abc, cbd, the Z^ abc, 
BCA = Z ^ BCD, CBD, cach to cach, and the side 
BC, adjacent to these = Z 8, is common ; . • . the 
remaining sides are =, each to each, and the 
third Z to the third Z (Prop. XXVI.) : i, e. 
AB = CD, AC = BD, and the Z bac = Z bdc. 

2. And because the Z abc = Z Bcp, and 
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the Z CBD = Z ACB, .'. the whole Z abd = 
the whole Z acd : therefore the opposite sides 
and Z^ of D ™^ are = . 

3. Also because ab = cd^ and bc is common 
to the A* ABC, BCD, .'. the two ab, bc = dc, 
CB, each to each, and the included Z abc = 
included Z bcd: .*. the a abc = a bcd 
(Prop. IV.) : i. e, the diam. bc bisects the 

D™ABCD. 

Wherefore the opposite sides &c. — Q. E. D. 

A few important Propositions are deducible from this 
Theorem, which, after first demonstrating its converse, so 
far as it is conyertible, it may be proper to subjoin. 



PROP. CC. THEOR. 

Gen. Enun. — If the opposite sides, or the opposite 
angles, of a quadrilateral figure be equal, the figure is 
a patdllelogram. 

Part. Enun. — Let abcd be a quadrilateral figure, of 
which the opposite sides, or opposite Z ', are » ; then 
ABCD is a a™. 

Demonst. — First, let the opposite sides be =. Join 

CB. 

1. Then, because ab — co, and bc common to A* abc, 
DBC, .*. the two AB, bc = DC, 
CB, each to each, and the base 
AC = base bd ; .'. the I abc 
= Z BCD (Prop. VIII.), and* 
they are alternate Z'; .*. ab 
is II to CD. (Prop. XXVII.) c^ 

2. Also the Z acb » Z cbd, 
and they are alternate Z ' ; .*. also ac is ji to bd, and .'. 
abcd is a D". (Def.) 

3. Again, let the opposite Z ' be = . Now the Z interior 
Z • of the quadrilateral abcd = 4 right Z ■ (Prop. XXXII. 
Cor. 1); also the Z* bac + acd » /> abd + bdc 
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(Hyp.) ; .'. the I * bag + acd = 2 rt. L *, and .*. ab is 
II to CD. (Prop. XXVIII.) 

4. In the like manner, it may be shewn that ac is || to 
BD; .'. ABCD is a a™. 

Wherefore, if the opposite sides &c. — Q. E. D. 

Cor. — Hence it appears, from the definitions of the 
square, and the oblong, the rhombus, and the rhomboid, 
that these figures are D™*. 

That the latter part of the 34th Proposition is not con- 
vertible, may be inferred from the following : — 



PROP. DD. THEOR. 

Gen. Enun. — A trapezium, of which the adjacent sides 
are equal, is bisected by the diameter. 

Part. Enun. — Let abco be a trapezium, of which the 
sides ab = bd, and ca = cd; then tiie diam. cb bisects it. 

Demonst. — Because ab = bd, 
and Bc is common to A* abc, 

DBC, .'. the two AB,.BC = DB, 

BC, each to each, and the base ac 
= base CD ; .*. the A abc = A 
DBC (Prop. VIII. Obs.) ; and the 
trapezium is bisected by diam. bc 
Wherefore a trapezium &c. — Q. E. D. 



PROP. EE. THEOR. 

Gen. Enun. — The diameters of a parallelogram bisect 
each other; and, vice versd, if the diameters of a quadrilateral 
figure bisect each other, the figure is a parallelogram. 

Part. Enun. — Let abcd be a parallelogram ; its diams. 
ad, bc bisect each other in e, and vice versd, 

Demonst. — 1. Because ac is 
II to BD, and CB meets them, 
.*. the alternate Z ace = alter- 
nate Z EBD (Prop. XXIX.); 
and because ac is || to bd, and 
ad meets them, .*. the alternate Qi 
L c AE =s alternate Z edb (Prop. 
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XXIX.) ; .'. in A" aec, bed, the /• ace, cae = Z" 
BBD, BOB, each to each, and, adjacent to each, ac = bd ; 
.•. AS — ED, and BE = EC (Prop. XXVI.) : therefore the 
diams. ad, bc, mutually bisect each other. 

2. But, let the diams. ad, bc bisect each other in e ; 
then^ since, in the A* aec, bed, the two ae, ec = the 
two DE, eb, each to each, and the included vertical Z aec 
= included vertical Z bed (Prop. XV.) ; .'. the base ac = 
base BD, and the Z ace s= Z ebd (Prop. IV.) : .*. ag is 
II to BD. In like manner, ab is || to cd ; .'. abcd is 
a D". 

Wherefore the diameter &c. — Q. E. D. 



PROP. FF. PROB. 

Gen. En UN. — To bisect a parallelogram by a straight 
line drawn from a given point in one of its sides. 

Fart. Enun. — Let abcd be a a°*, e a gn. pt. in the 
side AB ; then it is required to bisect abcd by a line drawn 
through E. 

Const. — Draw the diam. bc, 
and bisect it in f (Prop. X.) ; 
join EF, and produce it to o 
(Post. 1 and 2) ; then the D°» 
ABCD is bisected by eo. 

Demonst. — Because ab is 11 
to CD, and bc meets them ; .*. the 
alternate Z ebf ~ alternate Z fcg (Prop. XXIX.), and 
the vertical Z ebf = vertical Z ocf (Prop. XV.), also 
BF = FC (Const.) ; .'. the A efb = A gcf. (Prop. XXVI.) 

2. But A ABC = A BCD (Prop. XXXIV.) ; .-., by sub- 
traction, trapezium aefc = trapezium bfgd (Ax. 3). 

3. Hence, by addition, the trapezium aegc = trapezium 
ebdg (Ax. 1). 

Wherefore the Q™ abcd has been bisected by the line 
BG drawn through the gn. pt. e. — Q. £. F. 
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PROP. GG. THEOR. 




Gen. Enun. — The diameters of rectangular parallelo- 
grams are equal to one another; and in any other parallelo- 
gram the diameter which Joins the acute angles is greater 
than that which joins the obtuse. 

Part. Enun. — Case 1. Let abcd be a rectangular D™, 
as a square or oblong ; a 
then the diam. ad = 
dlam. CB. 

Demonst. — Since, in 
the A* ABD, BAG, the 

two AB, BD = BA, AC, 

each to each, and the rt. 

Z ABD = rt. Z BAG 

(Def. 10), .*. the base ad = the base cb. (Prop. IV.) 

Part. Enun. — Case 2. Let abgd not be rectangular, 
as a rhombus or rhomboid^ of which the opposite Z " abd, 
AGO are acute, 
and GAB, CDB, 
obtuse; then bg 
is > than ad. 

Demonst. — 
For, as before, 
the two AB, BD 
= BA, AG, each 
to each; but the Z bag is > than Z abd, .*. the base bg 
is > the base ad. (Prop. XXIV.) 

Wherefore the diameters &c. — Q. E. D. 

Cor. — Since the diams. of a n™ bisect each other (Prop, 
EE), if the hypothenuse of a rt. Z •* A be bisected, the st. 
line drawn from the rt. Z to the pt. of bisection is = to 
half the hypothenuse. 




PROP. XXXV. THEOR. 

Gen. Enun. — Parallelograms upon the same 
base^ and between the same parallels, are equal 
to one another. 
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Part. Enun. — Let the d^ abcd, ebcp 
(Fig. 2 and 3) be upon the same base bc, and 
between the same || » af, bc ; then the a °* 

ABCB = D ™ BBCF. 




z A 




Demonst. — 1. If the sides ad, df of the a * 
ABCD, DBCF (Fig. 1), opposite to the base bc, 
terminate in the same pt. d, it is plain that 
each of them, being bisected by its diameter 
(Prop. XXXIV.), =2 A DBC; .-. the d"^ 

abcd = D™ DBCF (Ax. 6). 

2. But if the sides ad, ef, opposite to the 
base BC (Figs. 2 and 3), be not terminated in 
the same pt.; then, by the property of a a "^ 
AD = BC = EF. (Prop. XXXIV.) 

3. To or from each of these equals add or 
subtract de; .*. ad + de (or ae) = ef + de 
(or df). Also AB = DC. 

4. .'.in the two a» eab, fdc, the two ea, 
AB = FD, DC, each to each, and the interior Z. 
eab = exterior Z fdc (Prop. XXIX.); .'. a 

EAB = A FDC. (Prop. IV.) 

5. Take each of these a^ from the trape- 
zium ABCF, and the remainders will be = 
(Ax- 3) : t. e. the d ^ abcd = d "^ ebcf. 

Wherefore a "• upon the same base, &c. — 
Q. E. D. 
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The equality of n °" is that of their areas ; and it appears 
from this Proposition that any oblique D"* is equal to a 
rectangular D ™t or rectangle, upon the same base and be- 
tween the same || *, t. e, of the same base and altitude. 
Now it is known that the area of a rectangle = the base x 
its altitude ; and .*. generally the area of any D ™ ~ the 
base X the i altitude. The converse of the Proposition 
is also true. 



PROP. HH. THEOR. 

Gen. Enun. — Equal parallelograms, upon the same base, 
are between the tame parallels. 

Part. Enun. — Let the = D"** abcd, bbcp be upon 
the same base bc ; then 
they are between the same 
II ': t. e. BF is in the same 
straight line with ad. 

Demonst. — 1. If not, 

let EG be in the same at. 

line with ad ; .*. eg is 

II to BC, and ebcg is a 

D". (Prop. XXXIV.) 

2. Now, because the Q"^* abcd, ebcg are upon the 
same base, and between the same || ', they are = to one 
another. 

3. But the n°* abcd = Q" ebcf ; .'. the D™. ebcg = 
D" EBCF, or the < = >, which is impossible. 

4. .*. EG is not in the same st. line with ad. 

5. In like manner, it may be proved that no other line 
but EF is in the same st. line with ad ; .*. ad, ef are in 
the same st. line, and .•. || with bc. (Prop. XXXIV.) 

Wherefore = Q"" &c.— Q. E. D. 



PROP. XXXVI. THEOR. 

Gen. Enun. — Parallelograms upon equal 
bases^ and between the same parallels, are 
equal to one another. 
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Part. Enun. — Let abcd, efgh be a™^ 
upon equal bases bc^ 
FG, and between the 
same || ^ ah^ bg ; 
then the d"^ abcd 

= D ™ EFGH. 

Const. — Join be, 

CH. ^ 

Demonst. — 1. Because bc = fg, and fg 
= eh, .*. bc = eh (Ax. 1). 

2. But BC, eh are' || , and joined towards 
the same parts by be, ch ; . • . be and ch are 
also = and || (Prop. XXXI.) ; and .*. ebch 
is a D '^. (Prop. XXXIV. Def.) 

3. Now, because the a °^ abcd, ebcb axe 
upon the same base bc, and between the 
same || ^ ah, bc, .'. d™ abcd = d°^ ebch. 
(Prop. XXXV.) 

4. For the same reason, d ™ efgh = d »* 
ebch;.'. d'^abcd= d™ efgh (Ax. 1). 

Wherefore d "^ &c.— Q. E. D. 

The converse of this Proposition may be demonstrated in 
the same manner as that of the foregoing ; and it is left to 
the student to shew, that equal D °"» upon «= bases in the 
same straight line, are between the same \\ '. (See also 
Prop. XL.) The following are deductions : — 



PROP. KK. THEOR. 

Gen. Enun. — If two sides of a trapezium are parallel, 
its area is equal to ha\f that qf a parallelograimy between 
the same parallels, whose base is equal to the two parallel 
sides taken together. 
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Part.Enun. and Const.— Let^ abcd be a trapezium, 
whose side ab is || to cd. Produce cd to s, and make de 

= AB. Through d and b 
draw DF and bg || to 
AC (Prop. XXXI.) ; and 
through E draw eh also 

II to AC, meeting ab pro- 
duced in H. Then ahcb 
is a D"^ between the same 

II ' with the trapezium 
ABCDi of which the base 
CE = CD + DE = CD + AB (Coust.) ; and the trapezium 

ABCD = i D" AHCE. 

Demonst. — For cd = af = ab — bf = de — dg = 
GE ; .'. the n° ACDF = D" bgeh (Prop. XXXVI.) ; and 
the A FBD = A BDO (Prop. XXXIV.) ; •.•, by addition, 
the trapezium abcd = bdeh (Ax. 2) = ^ a*" aceh. 

Wherefore, if two sides &c. — Q. E. D. 




PROP. LL. THEOR. 



Gen. Enun. — The sum of the areas of any two parallel- 
ograms described on the two sides of a triangle, is equal to 
that qf a parallelogram on the base^ whose side is equal 
and parallel to the line drawn from Ihe vertex of the tri- 
angle to the intersection of the sides of the former 
panOIelc^ams produced to meet. 

Part. Enun. and Const. — Let abc be a A, abde, 
ACFG D"* described upon 
its sides ab, ac. Produce 
DE, FO to meet in h. Join 
HA, and produce it to L, 
making kl = ah. Through 
b draw bm || to kl (Prop. 
XXXI.), and complete the 
D" BMNC; then the D" 

BMNC = D™ ABDE + ACFG. 

Produce mb, no to o and p. 
Demonst.— 1. Now, be- 



cause OH IS 
BO to AH, .*. 



II to BA, and 
aboh is a qi^. 
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2. Also the D" abde = 0°* aboh, upon the same base 
AB, and between the same || ' ab, dh, (Prop. XXXV.) 
» D™ BMLKi upon = base kl, and between <iie same || ■ 
HL, OB. (Prop. XXXVI.) 

3. In like manner, D*" acfo = D*" klnc. 

4. •.* D™ ABDE + ACFG = n""BMLK + KLNC (Az.2) 
= D" BMNC. 

Wherefore the sum of the areas &c. — Q. E. D. 



PROP. XXXVII. THEOR. 

Gen. Enun. — ^Triangles upon the same base^ 
and between the same parallels^ care equal to 
one another. 

Part. Enun. — Let the a abc, dec be upon 
the same base bc, and ^ 
between the same || * 

AD^ BC \ then A ABC 
= A DBC. 

Const. — Through b 
and c draw be, cp re- 
spectively II to CA and bd, and meeting ad 
produced in e and f; .*. the figures ebca^ 
dbcf are d "^. (Prop. XXXIV. Def.) 

Demonst. — 1. Now the d™ ebca = a™ 
DBCF upon the same base bc, and between the 
same || ^. (Prop. XXXV.) 

2. But the A ABC = ^ D ™ EBCA, because 

diam. ab bisects it; and the a dbc = \ 

D ™ dbcf, because diam. dc bisects it (Prop. 

XXXIV.); .'.A ABC = A DBC (Ax. 7). 

Wherefore a^ &c.— Q. E. D. 

Upon this Theorem depends the following : — 
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PROP. MM. PROB. 

To describe a triangle, which shall be equal to a giyen 
pentagon, and of the same altitude. 

Part. Enun. — ^^Let abcdb be the gn. pentagon. It is 
required to describe a A of = area, and the same altitude. 

Const. — Join ac, ad. Through b and b draw bf, eg 
respectively || to ac and ad, and meeting cd produced in 
F and G. (Prop. XXXI.) Join af, ag. Then afg is the 
A required. 

1. Because ac is= to bf, 
.*. the A ABC = A AFC, 
upon the same base ac, and 

between the same || •. (Prop. 3/^""/^ Vv""^ 
XXXVII.) 

2. So the A AED = A 

AGD; .*. A" ABC + AED = 

A* AFC + AGD (Ax. 2). 

3. To each side add the A acd ; .'. the pentagon abcdb 

= A AFG. 

Wherefore a A afg has been described == to the gn. 
pentagon abcde, and of the same altitude, viz, the x from 
a upon CD. — Q. E. F. 



PROP. XXXVIII. THEOR. 

Gen. Enun. — Triangles upon equal bases^ 
and between the same parallels^ are equal to 
one another. 

Part. Enun. — Let the a^ abc, def be upon 
= bases bc^ ef^ and be- 
tween the same || ^ bf, 
ad; Me» aabc= a def. 

Const. — Through b 
and F draw bg, fh re- 
spectively II to CA, ED, 
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and meeting ad produced in g and H (Prop. 
XXXI.) ; then the figures gbca, defh are 
D ^. {Bet) 

Demonst. — 1. Now the n^ obca = d"^ 
DEFH, upon the = base ef, and between the 
samfe II 8 OH, BF. (Prop. XXXVI.) 

2. But the A ABC = -^ D^ GBCA, because 

diam. ab bisects it; and the a def = -^ 

D ^ DEFH, because diam. df bisects it (Prop. 

XXXIV.) ; .• . A ABC = A DEF (Ax. 7). 

Wherefore a^ &c. &c.— Q. E. D. 

The following Propositions may be added here :— 



PROP. NN. PROB. 

Gen. Enun. — To bisect a given triangle by a line draton 
from one of its angles. 

Part. Enun. — Let abc be the gn. A. It is required 
to bisect it by a line drawn from one of its Z ' ; for instance, 
the Z BAG. 

Const. — Bisect the opposite 
side BC in d (Prop. X.), and 
join AD. The line ad bisects 
the A ABC. 

Demonst. — For the A adb 
^ A ADC, because they are b" 
upon = bases bd, cd, and of the 
same altitude; t.e. between the same || ". (Prop. XXXVIII.) 

Wherefore the A abc has been bisected by the st. line 
AD drawn from the Z bag. — Q. E. F. 



PROP. 00. PROB. 

Gen. Enun. — To bisect a given triangle by a line 
drawn from a given point in one of its sides. 
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Part. Enun. — Let abc be a A , d a gn. pt. in the side 
AC ; then it is required to bi- 
sect the A ABC by a line drawn 

through D. ^<^SyC-i^ 

Const. — Bisect bc in e (Prop. 
X.), and join ae, de ; through a 3^ 
draw AP II to dk (Prop. XXXI.), 
and join df ; then df bisects the A abc. 

Demonst. — 1. Because AFis || toDE,the A ade = Afdb. 
(Prop. XXXVII.) 

2. From each take the A oed ; . *. A agd = A fgb 
(Ax. 3). 

3. Also, because ec = eb, the A ace = A abb (Frop. 
XXXVIII.) ; .'., by subtraction, the trapezium dgec = 
trapezium abfo (Ax. 3), and A gfe = A agd. 

4. .'.) by addition, the A dfc = trapezium abfd (Ax. 2). 
Wherefore the A abc has been bisected by the st. line 

FD drawn through the gn. pt. D. — Q. £. F. 



PROP. PP. PROB. 

Gen. Enun.— To find a point within a given triangle, 
Jrom which lines drawn to the several Angles will divide 
the triangle into three equal parts. 

Part. Enun. — Let abc be the gn. 
A . It is required to find a pt. within 
it, from which lines drawn to the Z ' 
A, B, c, shall divide it into three = 
parts. 

Const. — Bisect ab, bc, in d and e. 
(Prop. X.) Join cd, ae, intersecting 
in F. Then v is the pt. required. Join bf. 

Demonst. — 1. Because ad = db, .*. the A adc = 
A BDC, and the A adf = A bdf (Prop. XXXVIII.); .-., 
by subtraction, A afc = A bfc (Ax. 3). 

2. Again, because be = ec, .*. the A aeb = A aec, 
and the A bef = A cef (Prop. XXXVIII.) ; .*., by sub- 
traction, the A AFB — A AFC = A bfc (Ax. I and 3). 

Wherefore a pt. f has been found within the A abc, 
from which the lines fa, fb, fc divide the A into three 
= pts.— Q. E. F. 
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PROP. QQ. PROB. 




Gen. Enun. — To trisect a given triangle from a given 
point within it. 

Part. Enun. — Let abc be the a, 

gn. At i> the gn. pt. within it. 
It is required to trisect A abc by 
lines drawn from the pt. d. 

Const. — Trisect the side so in 
E and F (Prop. Z). Join de, df; 
and firom a draw ao» ah respect- 
ively II to them. (Prop. XXXI.) ^ 
Join DG, DH, AD ; then these three b~ 
lines will trisect the A abc 

Join AS, AF. 

Demonst. — 1. Because ao is || to de, the A ado = A 
AEG, upon the same base ao, and between the same fl ■• 
(Prop. XXXVII.) 

2. To each add the A abo ; .*. the trapezium adob » 
A AEB (Ax. 2). 

3. In like manner, the trapezium adhc = A afc ; .'. 
by addition, adob + adhc =» aeb + afc (Ax. 2). 

4. Subtract each from the A abc ; .'. the A gdh = A 
AEF (Ax. 3). 

5. Now the A aef = A aeb = A afc (Prop. 
XXXVIII.) ; .*. the A gdh = trapezium adob = trape- 
zium ADHC (Ax. 1). 

Wherefore the A abd has been trisected from a gn. pt. d 
within it.— Q. E. F. 



PROP. RR. THEOR. 



Gen. Enttn. — If from any point in the diameter of a 
parallelogram straight lines be drawn to the opposite angles, 
they mil cut off equal triangles. 

Part. Enun. and Const. — Let abcd be a Q"*, of which 
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the diam. is bc, b any pt. in bc. a, 
Join AB, BD. The A ace = A 
DCB, and the A abb = A dbe. 

Dbmonsj. — 1. Because af = 
PD (Prop. EE), .*. the A afc 

== A DFC, and the A afe a= A ^ ^ d 

DFB (Prop. XXXVIII.) ; .'., by addition, A acb =: A 
DCS (Ax. 2). 

2. But the A abc « A dbc (Prop. XXXIV.) ; .♦., by 
subtraction, A abb = A dbe (Ax. 3). 

Therefore, if from any pt. &c. — Q. E. D. 



PROP. SS. PROB. 

Gbn. Enun. — To bisect a trapezium by a line drawn 
from one of its angles. 

Part. Enun. and Const. — Let abcd be the gn. trape- 
zium, bac the Z from 
which it is required to 
be bisected. Draw the 
diagonals ad, bc. Bi- 
sect BC, which is oppo- 
site the Z BAG, in b. 
(Prop. X.) Join ab, c- 
ED ; and through b draw 
FBG li to AD. (Prop. XXXI.) Join aho. TTien aho 
bisects the trapezium. 

Dbmonst. — 1. Because ce = eb, .*. the A aec = 
ABB, and the A dec = bed (Prop. XXXVIII.) ; .'. the 
figure abdc = figure aedb (Ax. 2). 

2. Also the A aeo = A deo, upon the same base eg, 
and between same || ' eg, ad (Prop. XXXVII.). Take away 
the common part ehg ; .*. the A abh = A dho (Ax. 3). 

3. Hence the A acg = figure abdc — A dho » figure 
AEDC — A ABH = figure aedb — A ABH a trapezium 
agdb. 

Wherefore the trapezium abcd has been bisected by a 
flt. line AG drawn through one of the Z ' bag. — Q. E. F. 
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PROP. XXXIX. THEOR. 

Part. Enun. — Equal triangles upon the 
same base^ and upon the same side of it^ are 
between the same parallels. 

Part. Enun. — Let 
the = A^ ABC^DBC be 
upon the same base bc, 
and upon the same side 
of it ; then they are be- 
tween thesame || ^. 

Const, and Demonst. [Ad absurd,) : — 

1. Join ad; and if ad be not || to bc, 
through A draw ae || to bc (Prop. XXXI.), 
and join ec; then .the a abc = a ebc, 
upon the same base, and between the same 

II «. (Prop. XXXVII.) 

2. But the A ABC = A dbc (Hyp.) ; . • . 
the A DBC = A EBC, the > = the < , which 
is impossible. 

3. .• . AE is not II to BC ; and, in like man- 
ner, no other line except ad is || to it. 

Wherefore = a^ upon &c. — Q. E. D. 

Hence the following dedaction : — 



PROP. TT. THEOR. 

Gen. Enun. — If two sides of a triangle be bisected, the 
straight line which joins the points of bisection U parallel 
to the third side. 

Part. Enun.— Let abc be any A; bisect the sides ab, 
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AC, in D and b. (Prop. IX.) Join 
DE. Then DB is II to BC. 
Demonst. — 1. Because ad = 

BD, .'. A ADE = A BDB (PTOp. 

NN). 

2. In like manner, the A ade 
= A CED ; .*. the A bde = A 
CED (Ax. I.) : and they are upon 
the same base de ; .*. de is || to 
BC, (Prop. XXXIX.) 

Wherefore, if two sides &c. — Q. E. D. 




PROP. XL. THEOR. 



Gen. Enun. — ^Equal triangles upon equal 
bases, in the same straight line, and towards 
the same parts, are between the same parallels. 

Part. Enun. — Let the 
= A ABC, DEF be upon 
=: bases bc, ef, in the 



same st. line bf, and 




towards the same parts; 
then they are between the 
same || «. 

Const, and Demonst. {Ad absurd,) : — 

1. Join AD; and if it be not |j to bf, 
through A draw ag || to bf (Prop. XXXL), 
and join gf ; then the a abc = a gef^ 
upon the = base ef, and between same || ®. 
(Prop. XXXVIIL) 

2. But the A ABC = A DEF (Hyp.); .*. 
the A DEF = A gef (Ax. 1), the > = <t , 
which is impossible. 
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2. Hence ag is not || to bf ; and^ in like 
manner^ no other line except ad is || to it. 
Wherefore equal a^ &c. — Q. E. D. 

To this may be subjoined the following : — 



AG- 



PROP. UU. THEOR. 

Gen. Enun. — ^Trapeziums upon the same base, having 
the sides opposite to the base equal, and lying between the 
same parallels, are eqtuil to one another; and equal trape- 
ziums upon the same base, and between the same parallels, 
have their aides opposite to the base equal. 

Part. Enun. — 1. Let the trapeziums abcd, ebcf be 
upon the same base bc, and between the same || " af, bc ; 
and let the side ad = side ef. Then the trapezium abcd 
= trapezium ebcf. 

Const. — Join bd, cb. 

Demonst. — Then the A dbg 
= A EBC, upon same base bc, 
and between the same || " (Prop. 
XXXVII.) ; and the A adb = A 
FEC, upon the = bases ad, ef, 
and between same 1| *. (Prop. 
XXXVIII.); .-., by addition, tra- 
pezium ABCD = trapezium ebcf. 

2. Conversely, let the trapeziums be = , and between the 
same || * ; then the side ad =■ the side bf. 

Demonst. (Ad alts.) 

1. For, since trapezium abcd = trapezium ebcf, and, 
as before, the A dbc » A ebc, .*., by subtraction, A add 

= A CBF. 

2. Now, if AD be not » ef, let ad be the > ; cut of 
OD = EF (Prop. III.) ; and join ob. 

3. Then the A bdg = A cef, since they are upon ^ 
bases od, bf, and between same || •. (Prop. XXXVIII.) 

4. But the A abd = A cef ; .*. A bdg = A abd, the 
< = > , which is impossible. 

5. .'. AD is not unequal to bf, t. e. it is ss to it. 
Wherefore trapeziums &c. — Q. £. D. 




PROP. XLI. 95 



PROP. XLI. THEOR. 

Gen. Enun. — If a parallelogram and a tri- 
angle be upon the same base, and between the 
same parallels, the parallelogram is double of 
the triangle. 

Part. Enun. — ^Let the 

D ™ ABCD and the a ebc 

be upon the same base bc, 

and between the same || ^ 

BC, AE; then D™ abcd 

= 2 A EBC. 

Const. — Join ac. 

Demonst. — Then the d°^ abcd = 2 a 
ABC, because the diam. ac bisects it (Prop. 
XXXIV.) = 2 A ebc, upon the same base 
BC, and between same || *. (Prop. XXXVII.) 

Wherefore, if a d ™ and a a &c. — Q. E. D. 

Hence the areas of A' are readily computed; for since 
the area of a D °^ = the base x its ± altitude, that of a 
A = ^ base x the l altitude. 

From this Proposition the following are deductions : — 




PROP. W. THEOR. 

Obn. Enun. — The two triangles formed by drawing 
straight lines from any point within a parallelogram to the 
extremities of two opposite sides, are together equal to 
half the parallelogram. 

Part. Enun. — Let abcd be a a"*, and e any pt. within 
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it. Draw, ea, eb, ec, ed 
from the pt. e to the ex- 
tremities of the opposite 
sides ; then A aec + A 
BED, and the A aeb + 
ced, are each = to half 
the D™ ABCD. ^ 

Const. — Through e 
draw FB6 II to ac or bd. (Prop. XXXI.) 

Dbmonst. — 1. Then the A aec = A D" acgf, and 
the A bed = i D" fgdb (Prop. XLI.}; .*. A aec + 

BED = ^ A ABCD (Ax. 1). 

2. Subtract these =" from the whole D" abcd ; .-. 
A AEB + ced = ^ D" abcd. 
Wherefore the two A' formed &c. — Q. E. D. 



PROP. WW. THEOR. 

Gen. Enun. — If two sides of a trapezium be parallel, 
the triangle contained by either of the other sides, and the 
two straight lines drawn from its extremities to the bisection 
of the opposite side, is equal to ha\f the trapezium, 

Pabt. Enun. — Let abcd be a trapezium, having the 
side AB II to the side cd. 
Bisect AC in E (Prop. X.), 
and join eb, ed. Then 
A bed = ^ trapezium 
abcd. 

Const. — Through b 
draw FEO || to bd, meet- ^ 
ing CD in o, and ba produced in f. (Prop. XXXI.) 

Dbmonst. — I. Since the alternate Z fab = alternate Z 
ECO (Prop. XXIX.), the vertical Z aef «= vertical Z 
CEO (Prop. XV.) ; and,< adjacent to «= / "^ the side ae = 
side EC (Const.) ; .•. the A aef = A eco. (Prop. XXVI.) 

2. Add to each the figure aeodb ; .*. the D*" fodb = 
ti-apezium abcd. 

3. Hence the A bed » ^ D *" fodb, with same base and 
altitude (Prop. XLI.) ~ ^ trapezium abcd. 

Wherefore, if two sides &c. — Q. E. D. 
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Cor. — Hence a trapezium, which has two of its sides || , 
is = to a D ™ formed by drawing, through the bisection of 
one of the sides which are not || , a line || to the opposite 
side, and meeting the li sides. 



PROP. XX. THEOR. 



Gbn. Enun. — ^The perimeter of an isosceles triangle is 
greater than the perimeter of a rectangular parallelogram, 
which is of the same altitude with, and equal in area to, 
the given triangle. 

Part. Enun. and Const. — Let 
ABC be an isosceles A . Draw ad l 
to BC (Prop. XII.)^ and complete the 
D™ ADCE, which is of the same alti- 
tude with the A abc, and has aU its 
Z»rt. Z". The Q™ adcb = 2 A 
ADfc (Prop. XLI.) = A ABC (Props. 
T and NN). Then the perimeter of 
the A ABC is > perimeter of the Q™. 

Demonst. — 1. Because ab = ac, 
and BD = DC, .*. the perimeter of A 
ABC = 2 AC + 2 DC = 2 (ac + Dc) ; 
and the perimeter of the D *" adce = 2 ad + 2 dc = 2 
(ad + DC). 

2. But, because adc is a rt. Z <* A , ac is > ad (Prop. 
XIX.); .'. AC + DC is > ad + DC ; and .*. the peri- 
meter of A ABC is > perimeter of Q adce. 

Wherefore the perimeter &c. — Q. E. D. 




PROP. YY. PROB. 



Gen. Enun. — 7b describe a parallelogram, of ichich 
the area and perimeter shall he respectively equal to the 
area and perimeter of a given triangle. 

Part. Enun. — Let abc be the gn. A ; then it is required 

K 
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to describe a Q "'y whose area and pe- 
rimeter shall be respectively = to those 
of the A ABC. 

Const. — Produce ba to d, and 
make ad = AC. (Prop. III.) Bisect 
BD in E. (Prop. X.) Through a draw 
AP II to BC. (Prop. XXXI.) With 
cr. B, and rad. be, describe a Q cut- 
ting AF in G (Post. 3). Join bg ; bi- 
sect BC in H, and through h draw hf 
11 to BG (Prop. XXXI.) ; then bgfh: 
is the D"* required. 
DEM0N9T. I. Since hf = bg »= be (Def. 15) ; 

+ bg = 2 BE = BD = BA + AC (CoBSt.) 

2. And since of = bh — hc (Const.) ; 
2 HC — BC (Const.) 

3. Hence, by addition, the perimeter of D™ bgfh = 
perimeter of A abc. 

4. Also the D"^ bgfh = double of a A» upon the base 
BH, and between the same || ■ (Prop. XLI.), — A abc 
(Prop. NN). 

Wherefore a D*" has been described, whose area and pe- 
rimeter = the area and perimeter of the gn. A abc. — 
Q. E. F. 



HF 



GF + BH = 



' PROP. XLII. PROB. 

Gen. Enun. — To describe a parallelogram 
which shall be equal to a given triangle, and 
have one of its angles equal to a given rectilineal 
angle. 

^ Part. Enun.^ — Let abc be the gn. a, d 
the gn; rectilineal Z ; 
then it is required to 
describe a d "* = a 
ABC, and having one 
one of its Z 8 = Z d. 

Const, — Bisect bc 
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in E (Prop. X.), and join ae (Post. 1) ; at the 
pt. E in the st. line eg make Z cef = Z d 
(Prop. XXIII.) ; through a draw afg || to bc, 
and through c draw co || to ef (Prop. XXXI.) ; 
then fecg is the a ™ required. 

Demonst. — 1. Because be = ec, and ag is 

II to BC, .-. the A ABE = A AEC (PrOp. 

XXXVIII.); .-. the A ABC = 2 A aec (Ax. 9) 
= a "* FECG. (Prop. XLI.) 

2. And the a ^ fecg has the Z ciIf = the 
Z D. (Const.) 

Wherefore an™ has been described = the 
gn. A ABC^ and having an Z = the gn. Z 
D.— Q. E. F. 

To this may be added 

PROP. ZZ. PROB. 

Gen. Emun. — To describe a triangle which shall be 
equal to a given parallelogram , and having an angle equal 
to a given rectilineal angle. 

Part. Enun. — Let abcd be the gn. D"» k the gn. rec- 
tilineal Z ; then it is re- 
quired to describe a A = ^ ^^ 

D ^ ABCD, and having an 
Z = ZE. 

Const. — At the pt. c, 
in the st. line dc, make 
the Z DCF = Z E (Prop. 
XXIII.), and let cf meet 
AB prodoced in f ; pro- 
duce CD to 6, making do = CD (Prop. III.), and join fo ; 
then fcg is the A required. 

Join FD. 

Demonst. — Because cd »= dg, .'. A fcd = A fdg 
(Prop. XXXVIII.) ; .'. A fcg = 2 A fcd (Ax. 6), = D" 
ABCD. (Prop. XLI.) 
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Wherefore a A fcg has been described, which = the gn. 
0°* ABCD, and having the L fco = gn. Z e. — Q. E. F. 



A. 


E 


11 


J 


W? 


/ 


:, 


^ 


4 


J3 


& 


^c 



PROP. XLIII. THEOR. 

Gen. Enun. — ^The compkments of the pa- 
rallelograms, which are about the diameter of 
any parallelogram, are equal to one another. 

Part. Enun. — Let abcd be a d ™, of which 
the diam. is ac ; eh, fo the 
D™* about AC, ue, through 
which AC passes ; and bk, kd 
the other n "^^ which make up 
the whole figure abcd, and 
. • . called complements. Then the complement 
BK = complement kd. 

Demonst. — 1. Because the diam. ac bisects 
the D™ abcd (Prop. XXXIV.), .-. the a abc 

= A ADC. 

2. For the same reason, the a aek = a 
AHK, and the a kgc = a kfc. 

3. .". the complement bk = a abc — (a 

aek + A kgc) = A ADC — (a AHK -f A 

KPc) = complement kd. 

Wherefore the complements &c. — Q. E. D. 

There are other cases of this 
Proposition ; since it is not neces- 
sary that the D°" about ac should 
be united at k, or that the comple- 
ments should be Q "». The Theo- 
rem may be equally proved, when 
the D°" BH, FO are not connected 
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(fig. 1), and when one of them 
(Fig. 2) is partly comprised within 
the other. It will be advisable for 
the, student to demonstrate these 
cases. 





PROP. XLIV. PROB. 

To a given straight line to apply a parallel- 
ogram, which shall be equal to a given triangle, 
and have one of its angles equal to a given rec- 
tilineal angle. 

Part. Enun, — Let 
AB be the gn. st. line, 
c the gn. A, D the gn. 
rectilineal Z; then it 
is required to apply to 
the St. line Afi a a ™ = a c, and having an 
Z = Z D. 

Const, and Demonst. — Make the d ™ befg 
= A c, and having the Z ebg = Z d (Prop. 
XLIL), and let be be in the same st. line 
with AB ; through a draw ah || to bg or ef 
(Prop. XXXI.) , and meeting fg produced in 
H ; join HB. 

2. And because the st. line hf falls upon 
the II St. line ah, ef, .*. the Z* ahf + hfe 
= 2 rt. Zs (Prop. XXIX.), .-. the Z bhf + 
HFE are < 2 rt. Z^; .*. hb, fe will meet if 
produced towards b and e. (Prop. XXIX. Cor.) 

3. Let them meet in k ; through k di*aw kl 
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II to EA or FH (Prop. XXXI.), and meeting 
HA produced in l ; also produce ob to m. 

4. Then hlkf is a d ™, of which the diam. 
is HK ; AG, ME are the D "^ about hk, and lb, 
BF are the complement* : . • . the complement 
LB = complement bf (Prop. III.) = a c. 
(Const.) 

5. Also the Z abm = vertical Z ebg (Prop. 
XV.) = Z D. (Const.) 

Wherefore the d "* lb has been applied to 
the gn. St. line ab, which* = the gn. a c, and 
having the Z abm = gn. Z d. — Q. E. D. 

The converse Problem may be thus effected. 

PROP. AAA. PROB. 

Gen. Enun. — To a given straight line to apply a tri- 
anglBy which shall be equal to a given parallelogram, and 
having an angle equal to a given rectilineal angle. 

Part. Enun. — Let ab be the gn. 
St. line, CDBF the gn. Q °', G the gn. 
rectilineal Z . Then it is required to 
apply to AB a A =» D" cdkf, and 
having an Z = Z o. 

Const. — Draw the diam. of ; pro- 
duce EF to H, making fh = ef, and 
join CH. To the st. line ab apply 
the' D™gABKL = A CEH, and having 
the Z ABK = Z G (Prop. XLIV.) ; 
produce bk to m, making km = bk, 
and join am, ak ; then A abm is 
the A required. 

Dmonst. — For the A abm = 2 A abk (Prop. NN.) 
= n BL (Prop. XLI.) = A ceh (Const.) = 2 A cef 
(Prop. NN.) = D" CEFD. (Prop. XLL) 

Wherefore to the gn. st. line ab has been applied a A 
abm, which = gn. D" ed, and has the Z abm = gn. Z 
G.— Q. E. F. 
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PROP. XLV. PROB. 




Gen. Enun. — To describe a parallelogram 
equal to a given rectilineal figure, and having 
an angle equal to a given rectilineal angle. 

Part. Enun. — ^Let abcd 
be the gn. rectilineal figure, 
E the gn. rectilineal Z ; then 
it is required to describe a 
D "* = ABCD, and having an 
Z = Z E. 

Const. — Join db ; de- 
scribe the D ™ FH = A ADB, 

and having the Z pkh = Z 
B (Prop. XLII.) ; to the st. 
line GH apply the n ™ gm = 
A DBC, and having Z ghm = Z e (Prop. 
XLIV.) ; then the figure fkml is the n^ 
required, 

Demonst. — 1. Since the Z fkh = Z e = 
GHM (Const.), add to each side the Z khg, 

.-. the Z^ FKH + KHG = Z^ KHG + GHM 

(Ax. 2). 

2. But the Z8 FKH + KHG = 2 rt. Z8 
(Prop. XXIX.); .-. the Z^ khg +- ghm = 
2rt. Z8 (Ax. 1). 

3. And because at the pt. h in the st. line 
GH, the two st. lines kh, hm upon the oppo- 
site side of it, makes the adjacent Z® = 
2 rt. Z s ; . • . kh is in the same st. line with 
hm. (Prop. XIV.) 
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4. Again^ because the st. line oh meets the 
II St. lines km^ fo^ .'. the alternate Z mho 
= alternate Z hof. (Prop. XXIX.) 

5. To each add the Z hol, .-.the Z^mho 
+ hol = Z^ hof + hol (Ax. 2). 

6. But the Z8 mho + hol = 2 rt. Z^ 
(Prop. XXIX.), .-. the Z^ hoj + hol = 
2 rt. Z (Ax. 1), and .'. fo is in the same st. 
line with ol. (Prop. XIV.) 

7. Now, because kf is || to ho, and ho to 
ML, . * . KF is II to ML (Prop. XXX.) ; and km 
is also II to fl; .*. kflm is a d ™. 

8. Hence the figure abcd = a adb + 

A DBC = D™ FH H- a"* HL (CoHSt.) = 
D ™ KFLM. 

Wherefore an"* has been described = to 
the gn. figure abcd, and having the Z fkm 
= gn. Z E.— Q* E. F. 

Cor. — From this it is manifest how to a 
given st. line to apply a a "*, which shall have 
an Z = a gn. rectilineal Z, and be = a gn. 
rectilineal figure : viz. by applying to the st. 
line a a ™ = to the first a abd, and having 
an Z = the gn. Z . 

It is also manifest how to proceed, whatever he the 
number of sides to the gn. rectilineal figure. For it may 
be divided into as many A'» except two, as the figure has 
sides ; and a D ™ = to each of them in succession is to be 
applied to the opposite side of each successive D"* 
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PROP. XLVI. PROB. 

Gen. Enun.— 7b describe a square upon a 
given straight line. 

Part. Enun. — Let ab 
be the gn. st. line; then 
it is required to describe 
a square upon it. 

Const, and Demonst^ — 
1. From the pt. a draw ac 
at rt. Z s to AB (Prop. XI.); 
make ad = ab (Prop. III.); 
through D draw de || to ab, and through b 
dra^ BE II to AD (Prop. XXXI.) ; .•. abed is 
an™; and .•. ab = de, and ad = be. (Prop. 
XXXIV.) 

2. But AB = AD (Const.) ; .'. ab = ad = 
EB = ED (Ax. 1). Hence abed is equilateral. 

3. And because ad meets the || st. lines 

AB, DE, .*. the Z® BAD + ADE = 2 rt. Z^ 

(Prop. XXIX.); but Z bad is a rt. Z (Const.); 
.*. also Z ADE is a rt. Z . 

4. Now the opposite Z^ of d°^ are = 
(Prop. XXXIV.); .*. each of the opposite 
Z* ABE, BED is a rt. Z. 

5. Hence the figure abed is equiangular as 
well as equilateral ; it is . ' . a square (Def . 30), 
and it has been described upon . the gn. line 
AB. — Q. E. F. 

CoR. — Hence every d ™ that has one rt. Z 
has all its Z ^ rt. Z ^, 
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Although not immediately deducible from the above 
Proposition, the following Theorem may be inserted here. 



PROP. BBB. THEOR. 

Gbn. Enun. — If in each of the sides of a square, a point 
be taken at equal distances from the four angles, the 
straight lines which join them will also form a square. 

Part. Enun. — Let abcd be a square, e, f, g, h, 
points at ~ distances from the four i^ 
Z ". Join EF, F6, OH, HE. Then 
the figure efgh is also a square. 

Demonst. — 1. Since ae = bf, 
and AH =sSB (Const.) ; .*. iu the A * 
aeh, bef, the two ea, ah = fb, 
BE, each to each, and the rt. Z eah 
= rt. Z bbf; .*. the base eh = 
base EF, and the Z bef = Z ahe. 
(Prop. IV.) 

2. In like manner, fo and oh = ef or eh. 

3. Hence ef = fg =" oh = he (Ax. 1), and .*. the 
figure efgh is equilateral. 

4. Again, the exterior Z heb of A aeh = interior Z ' 
eah + AHE (Prop. XXXII.), and the Z bef « Z ahe ; 
.*., by subtraction, Z hef = Z eah (Ax. 3) = a rt. Z . 

(Hyp.) 

5. In the same manner the Z " at f, o, h may be shewn 
to be rt. Z '. 

6. Hence the figure efgh is also equiangular, and .'.it 
is a square (Def. 29). 

Wherefore, if in each of the sides &c. — Q. E. D. 



PROP. XLVII. THEOR. 

Gen. Enun. — In any right-angled triangle, 
the square which is described upon the side 
subtending the right angle, is equal to the 
squares described upon the sides which contain 
the right angle. 
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Part. Enun. — ^Let abc be a rt. Z^ a 
having the rt. Z bag; 
then the square de- 
scribed upon BC = 
the sum of the squares 
upon AB and ac (= 

Ab2 -f AC2). 

Const. — On bc 
describe the squares 
BDEC^ and on ab^ ac 
describe the squares 
OB^HC (Prop.XLVI.); 
through A draw al || to bd or ce (Prop. 
XXXI.), and join ad, fc (Post. 1). 

Demonst. — 1. Now, because each of the 
Z 8 BAG, BAG is a rt. Z (Const.) . * . at the pt. a 
in the st. line ab, the hne ga, ag, on opposite 
side of it, makes the adjacent Z^ = to two 
rt. Z ^ ; and . * . ga is in the same st. line with 
AG. (Prop. XIV.) 

2. For the same reason ab and ah are in 
the same st. line. 

3. Again, because the rt. Z dbg = rt. Z 
FBA (Ax. 11), add to each the Z abg ; .*. the 

Z DBA = Z PBG. 

4. Hence, in the a^ abd, fbc, the two ab, 
BD = FB, BG, each to each (Const.), and the 
included Z abd = included Z fbg ; .*. the 
base AD = base fg, and the a abd = a 
FBG. (Prop. IV.) 

5. But the u^ BL = 2 a abd, upon the 
same base bd, and between same || ^ al, bd ; 
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and the square gb = 2 a fbc, upon the 
sanj^ base fb^ and between same || ^ fb^ oc. 
(Prop. XLI.) 

6. Now the doubles of = things are = to 
one another (Ax. 6) ; . • . the d °^ bl = square 

6B. 

7. In the same manner, it may be proved, 
by joining ab, kb, that the a ™ cl = square hc. 

8. Hence, by addition, the square upon bc 
= sum of the squares upon ab and ac, or bc^ 

= Ab2 -f AC2. 

Wherefore, in any rt. Z<^ a, the square &c. 
— Q. E. D. 

This Proposition is no less remarkable for its elegance 
than for its extensive utility. A few deductions are added 
for the student's consideration, who will observe, that the 
side which subtends the rt. Z in a rt. Z ** A » is called the 
hypothenusef from the verb vwoTeiveiv, to subtend. 

PROP. CCC. THEOR. 

GsN. Enun. — ^The square described upon the diameter 
of a rectangular parallelogram, is equal to the square de- 
scribed upon two of its unequal sides. 

Part. Enun. — Let a bod be a 
rectangular D™> whose diam. is bd ; 

then BD^ ar DC^ + BC*. 

Dbmonst. — For abd is a rt. Z ** 

A; .'. BD* = ab* + AD* = DO* + 

BC*. (Prop. XLVII.) 

Wherefore the square &c. 

Cor. — If the D*" be a square, the square upon the 
diameter is equal to twice the square upon either of the 
sides ; for in this case ab = Ap ; .*. bd* ^ ab* + ad* = 

2 AB*. 
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PROP. DDD. THEOR. 



Gen. Enun. — If from one of the acute angles of a right- 
angled triangle, a line be drawn to the opposite side, the 
squares qfihat side and the line so draum are, together ^ 
equal to the squares qf the segment adjacent to the right 
angle and the hypothenuse. 

Part. Enun. — Let abc be a rt. Z * A , having the rt. 
Z ABC. From a draw ad to any 
pt. in the opposite side bc ; then 
the squares upon ad and bc » th^ 
squares upon ac and bd. 

Demonst. — ^For since ac* « ab^ 
+ bc2 (Prop. XLVII.); add bd^ to 
each side; ."• ac* + bd' = ab' + 
bd2 + BC* (Ax. 2.) =» ad2 + BC3. 
(Prop. XLVII.) 

'Wlierefore, if from one &c. — 
Q. E. D. 




PROP. EEE. THEOR. 



Gen. Enun. — In any triangle, if a line be drawn from 
the vertex perpendicular to the base, the difference of the 
squares qf the sides is equal to the difference qfthe squares 
of the segments qfthe base. 

Part. Enun. — Let abc be any A ; from the vertex a 
draw AD ± to the base bc; then 
the difference of the squares upon 
AB and AC = difference of squares 
upon BD and dc. 

Demonst. — ^Because adc is a rt. 
Z * A , .'. AC* = AD* + DC* ; and 
because abd is a rt. Z^ At .*. ab* 
= AD^ + BD*; .*., by subtraction, a 

AC' — AB* = DC^ — BD*. 

Wherefore in any A , if a line &c. — Q. E. D. 
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PROP. FFF. PROB. 

Gen. Enun.— 3\) describe a square toMch shall be 
equal to the sum of any number of given squares. 

Part. Enun. and Const.— Let ab be the side of one 
of the gn. squares; from b draw 
BC 1' to AB, and « side of second 
gn. square ; join ao, and draw CD 
1' to AC, and = side of third gn. 
square ; join ad, and draw de j. ' 
to AD, and = side of fourth gn. 
square ; join ab ; then the square 
upon AB » sum of squares upon ab, 

BC, CD, DE. 

Dbmonst. — For since the Z ■ ade, acd, abc are all rt. Z ■ 
(Const.) ; .-. (Prop. XLVIL) ae« = ad^ + de^ = ac^ 

+ Cd' + De2 r= AB* + BC* + CD* + DE*. 

And in the same manner, to any number of squares. — 
a E. F. 



PROP. GGG. PROB. 

Gen. Enun. — To describe a square which shall be equal 
to the difference of two squares, whose sides are given. 

Part. Enun, and Const. — Let a, b be the gn. sides 
of the 2 squares ; take a St. line 
CD terminated at c, but unlimited 
toward d ; make ce =» a, and bf 
= B (Prop, in.); with cr. e, and 
rad. EC, describe O cgd (Post. 3); 

from F draw fo at rt. Z" to cd ^ 

(Prop. XI.) ; then the square des- b u . 

cribed upon fo is the square required. 

Join EO. 

Demonst. — Because efo is a rt. Z , eg* = bf* + of* 
(Prop. XLVII.) ; .*. of* « eo* - ef« = ce* - ep* 
(Def. 15) = A* - B* (Const.) 

Hence a square may be described upon of (Prop. 
XLVI.) » to the difference of the squares upon a and b. 
— Q. E. F. 
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PROP. XLVIII. THEOR. 

Gen. Enun. — ^If the square described upon 
one of the sides of a triangle be equal to the 
squares described upon the other two sides of 
it^ the angle contained by these two sides is a 
right angle. 

Part, Enun. — Let the square upon bc, one 
of the sides of the a abc = the square upon 
the other two sides ab^ ac ; 
then Z BAG is a rt. Z . 

Const. — ^From the pt. a 
draw AD at rt. Z^ to ac 
(Prop. XI.) ; make ad = ab 
(Prop. III.), and join DC. _ 

Demonst. — 1. Because DA * 
= AB, .-. da2 = ab^. To each of these add 

AC2 ; ;•. DA^ + AC2 = BA^ + AC^ (Ax. 2). 

2. But, because dac is a rt. Z, .•. dc^ = 
da2 + Ac3 (Prop. XLVII.) ; and bc^ = ba^ 

+ AC2 (Hyp.), .% DC2 = BC2, .-. DC = BC. 

3. And because da = ab, and ac is com- 
mon to A« CAB, CAD, .'. the two DA, AC = 

BA, AC, and the base dc = base bc ; .-. the Z 
BAC = Z DAC (Prop. VIII.) = rt. Z . (Const.) 
Therefore, if the square &c. — Q. E. D. 
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APPENDIX. 



In addition to the numerous Deductions which have been 
added to the several Propositions of Euclid, it may be ad- 
visable to subjoin a few to exercise the ingenuity of the 
Student. For this purpose, the Enunciation and Con- 
struction — in some cases the Enunciation only — ^has been 
given ; but the Problems involve no difficulty which, with 
a little consideration, he will not be able to surmount. 

Prop, a, Theob.— The sum of the diagonals of a tra- 
pezium is less than the sum of any four lines which can be 
drawn to the four angles from any point within the figure, 
except from the intersection of the diagonals. 

(Deducible from Prop. XX.) 

P&op. /3. Theor. — The sum of the sides of an isosceles 
triangle is less than the sum of the sides of any other tri- 
angle on the same base and between the same parallels. 

(Deducible from Prop. XXVII. and Prop. P.) 

Prop. y. Thbor.— The difference of the angles at the 
base of any triangle is double the angle contained by a line 
drawn from the vertex perpendiciUar to the base, and 
another line bisecting the 
angle at the vertex. 

Let ABC be a A ; draw 
AD 1' to the base bc, 
and AE bisecting the Z 
bag; then I abc — Z 

ACB » 2 Z DAE. 

(Deducible from Prop. XXXII.) 

Prop. ^. Thbor. — If from one of the equal angles of 
an isosceles triangle a Une be drawn to the opposite side, 
and from the same point a line be drawn to the opposite 
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side produoecl, so that the part inter- 
cepted may be equal to the former 
line, the angle contained by the side 
of the triangle and the first drawn 
line is doable of the angle contained 
by the base and the latter. 

Let ABC be an isosceles A ; draw cd 
to any point in the opposite side ab ; 
prodnce ab, making db » cd, and 
join CB ; ihen the / acd » 2 / bcb. sj 

(From Prop. XXXII.) 

Prop. e. Thbor. — If from one of the equal angles of 
an isosceles triangle a line, equal to one of the equal sides, 
be drawn to the opposite side, produced if necessary, the 
angle formed by tins line and the base produced is equal to 
three times either of the equal angles of the triangle. 

(From Prop. XXXII.) 

Prop. Z» Theor. — ^If the exterior angle of a triangle 
be bisected, and also one of the interior and opposite angles, 
the angle contained by the bisecting lines is equal to half 
the other interior and opposite angle. 

(This Theorem, which will explain the principle of 
Hadley's Sextant, depends upon Prop. XXIX. Cor., and 
Prop. XXXII.) 

Prop. tj. Thbor. — In any equilateral and equiangular 
polygon, of which the number of sides is event the opposite 
sides are respectively parallel. 

(From Prop, XXVIII. and XXXII.) 

Prop. 0. — If straight lines be drawn from the angles of 
a triangle, through any point within the triangle, to meet 
the sides, and the lines joining these points of inter- 
section and the sides of the 
triangle be produced to meet, 
the l^ree points of concourse 
will be in the same straight 
line. 

Let ABC be a A ; from the 
angular pts. draw ad, bb, cf, 
through any pt. o within j^ 
the A ; join db, dp, ef, and 
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produce them to meet the rides in h, k, l; join rk, kl ; 
then HK, KL are in the same st. line. 

(Dedncible from Props. XIV. and XXXII.) 

Prop. c. Thbor. — ^The diameters of a rhombus bisect 
each other at right angles. 

Prop. k. Pros. — ^To inscribe a square in a gn. rhombus. 
(By means of Prop. XXXII.) 

Prop. X. Pros.— From one of the angles of a parallel- 
ogram to draw a line to the opposite ride, which shall be 
equal to that side, together witii the 
segment of it which is intercepted 
between the line and the opporite 
angle. 

Let ABCD be the Q"' ; acd the I 
from which the line is to be drawn ; 
produce db to b, and make be « bd ; 
join CBy and at the pt. c in the st. 
line BC make Z ecf » /. cep; c/ 
then OF is the line required. 

Prop, fi, Thbor. — The triangle contained by the 
straight lines joining the points of bisection of the three 
sides of a given triangle, is one-fourth part of the given tri- 
angle, and is equiangular with it. 

(Dedncible from Prop. XLI.) 

Prop, v^ THEOR.»If two triangles have two sides of 
the one equal to two sides of the other, each to each, and 
the angles opposite to either of the two equal sides be 
each a right angle, the triangles shall be equal and rimilar 
to each other. 

(Dedudble from Prop. XLVII.) 

Prop. o. Theor. — If two exterior angles of a triangle 
be bisected, and from the point of intersection of the 
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biflecting lines a line be 
drawn to the opposite angle 
of the triangle, it will bisect 
that angle. 

Let ABC be a A; bisect 
the exterior /• eac, acf 
in AD, CD, meeting in d, and 
join DB : the L abc is bi- 
sected in BD. Drop the i " 




DB, DF, 



DG. 




(Depending on Prop. XIV. XXVI. XLVII.) 

Prop. w. Theor. — ^If from any point within or with- 
out any rectilinear figure perpendiculars be let fail on every 
side, the sum of the squares 
of tiie alternate segments 
made by them will be 
equal. 

Let ABCD be the figure ; 
E the given pt. ; drop the 
1 " EF, BO, EH, BK ; then 

AF^ + BK' + DH^ + CG^ 
== FB^ + KD^ + HC2 + 

6a', and so for any number 
of sides. 

(Deducible from Prop. XLVII.) 

Prop. p. Theor. — If, in the figure to Prop. XLVII., 
CF, BK be joined, they will intersect al, the perpendicular 
to Bc, in the same point. 

(See Prop. F.) 

Prop. (t. Theor. — If, in the same figure, perpendi- 
culars be drawn from the points f, k, to bc produced, the 
line intercepted between b and the perpendicular from f 
will be equal to the line intercepted between c and the 
perpendicular from k ; and the sum of these lines will be 
equal to bc. 
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